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NON-DENSITY OF POINTS OF SMALL ARITHMETIC DEGREES
YOHSUKE MATSUZAWA, SHENG MENG, TAKAHIRO SHIBATA, AND DE-QI ZHANG
Abstract. Given a surjective endomorphism f : X Ñ X on a projective variety
over a number field, one can define the arithmetic degree αf pxq of f at a point x in
X . The Kawaguchi–Silverman Conjecture (KSC) predicts that any forward f -orbit
of a point x in X at which the arithmetic degree αf pxq is strictly smaller than the
first dynamical degree δf of f is not Zariski dense. We extend the KSC to sAND (=
small Arithmetic Non-Density) Conjecture that the locus Zfpdq of all points of small
arithmetic degree is not Zariski dense, and verify this sAND Conjecture for endomor-
phisms on projective varieties including surfaces, HyperKa¨hler varieties, abelian vari-
eties, Mori dream spaces, simply connected smooth varieties admitting int-amplified
endomorphisms, smooth threefolds admitting int-amplified endomorphisms, and some
fiber spaces. We also show close relations between our sAND Conjecture and the Uni-
form Boundedness Conjecture of Morton and Silverman on endomorphisms of projective
spaces and another long standing conjecture on Uniform Boundedness of torsion points
in abelian varieties.
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1. Introduction
Let f : X Ñ X be a surjective endomorphism of a geometrically irreducible projective
variety X defined over a number field K. Fix an algebraic closure K of K. One may
consider two dynamical invariants: the (first) dynamical degree δf of f and the arithmetic
degree αfpxq of f at x P XpKq. The dynamical degree reflects the geometric complexity
of iterations of f . On the other hand, the arithmetic degree reflects the arithmetic
complexity of the given f -orbit Ofpxq :“ tx, fpxq, f 2pxq, . . .u. For definitions, see 2.1.
One naturally likes to compare these two invariants. By Kawaguchi–Silverman [KS16a],
the arithmetic degree at any point is less than or equal to the dynamical degree (see also
[Mat16]). Then, one wonders when the arithmetic degree at a point attains (its upper
bound) the dynamical degree. Kawaguchi and Silverman proposed (see [KS16a]):
Conjecture 1.1. (KSC) Let f : X Ñ X be a surjective endomorphism of a projective
variety X defined over a number field K. Let x P XpKq such that αf pxq ă δf . Then the
orbit Ofpxq is not Zariski dense in XK :“ X ˆK K.
Although the original Conjecture in [KS16a] has also been formulated for rational maps,
we consider only endomorphisms in this paper (see Remark 1.7).
Given a surjective endomorphism f : X Ñ X on a projective variety X over a number
field K, let Zf Ď XpKq be the set of points x P XpKq where αf pxq ă δf . Conjecture 1.1
predicts that the orbit Ofpxq is not dense for any x P Zf . So one wonders whether the
set Zf is also non-dense. Unfortunately, the answer is negative by the following:
Example 1.2. Let the morphism f : P1 Ñ P1 be given by fpxq “ x2 in affine coorrdinate.
Then the set
f´8p1q :“
8ď
n“0
f´np1q “
8ď
n“0
tx P Q | x2n “ 1u
consists of f -preperiodic points and is infinite. Clearly any f -preperiodic point has arith-
metic degree one while δf “ 2, so f´8p1q Ď Zf . Hence Zf is a dense subset of P1.
We now recall the Northcott finiteness property. Let X be a projective variety over
a number field K and H an ample Cartier divisor on X . Take a height function hH
associated to H . Then the Northcott finiteness property asserts that the set
tx P XpKq | rKpxq : Ks ď d, hHpxq ďMu
is finite for any given d ą 0 and M ą 0. This suggests the non-density of a subset of Zf
when we impose a bound on the degree rKpxq : Ks for points x in Zf . In view of this
observation, we are going to propose Conjecture 1.4 as follows.
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Definition 1.3. Let X be a projective variety and f a surjective endomorphism on X
over a number field K. Let d ą 0. Set
Zf “ tx P XpKq | αfpxq ă δfu,
Zfpdq “ tx P XpLq | K Ď L Ď K, rL : Ks ď d, αf pxq ă δfu.
Conjecture 1.4. (sAND = small Arithmetic Non-Density) Let f : X Ñ X be a
surjective endomorphism of a projective variety X defined over a number field K. Then
the set Zfpdq is not Zariski dense in XK “ X ˆK K for any positive constant d ą 0.
Remark 1.5. In [Shi19], the third author defined a similar notion ZfpKq and Conjectured
the non-density of it ([Shi19, Conjecture 1.3]). It is the set of points at which the ample
height growth does not grow maximally for iterations of f . Clearly, it is larger than the
locus we defined in Definition 1.3, so Conjecture 1.4 is weaker than [Shi19, Conjecture
1.3]. However, it is easier for us to handle the arithmetic degree than the height growth.
In addition, we can consider arithmetic degrees for rational self-maps or endomorphisms
on non-projective varieties. So we propose the present formulation in this paper.
Remark 1.6. Let K Ď L (Ď K) be a finite extension. Then Conjecture 1.4 for f : X ÝÑ
X is equivalent to that of fL : XL ÝÑ XL.
The sAND Conjecture 1.4 implies KSC Conjecture 1.1 for endomorphisms. Indeed, for
any x P Zf , we can take a suitable d ą 0 such that the orbit Ofpxq Ď Zfpdq. Hence the
sAND Conjecture 1.4 is a generalization of the KSC Conjecture 1.1.
Remark 1.7. In sAND Conjecture 1.4, it is important to assume that f is a well defined
morphism. Indeed, Call and Silverman [CS16, Proposition 13 (a)] mentioned Junyi Xie’s
construction of a family f “ pftqtPP1 of rational self-maps on P2 such that the dynamical
degree drops when t “ 1, 2, 3, . . . P A1pQq, and hence Zf pdq is Zariski dense.
Another motivation for us to extend KSC Conjecture 1.1 to sAND Conjecture 1.4
is in order to cover the case of a endomorphism on a fiber space which fixes fibers set-
theoretically. Such a surjective endomorphism has no dense orbit, so the KSC Conjecture
1.1 vacuously holds. But the sAND Conjecture 1.4 is still non-trivial in this case. In fact,
we will prove sAND Conjecture 1.4 for some special fibrations in Section 7.
Theorems 1.8, 1.10, and 1.13 below are our main results; see also Theorem 3.1 for
polarized endomorphisms, Theorem 7.4 for endomorphisms of projective bundles fixing
the base pointwise, and Theorem 7.11 for non-invertible surjective endomorphisms on
smooth projective threefold of non-negative Kodaira dimension, as well as §8 for further
generalization of Conjecture 1.4 to Conjecture 8.1.
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From the classification theory of algebraic varieties and the typical fibrations: Albanese
map, Iitaka fibration, and Maximal rationally connected fibration, which all can be cho-
sen to be f -equivariant, we see that the building blocks of varieties are abelian varieties,
rationally connected varieties and varieties of Kodaira dimension zero; further, each va-
riety of the last type, if smooth and minimal, has an (equivariant) Beauville–Bogomolov
e´tale cover by a product of Abelian varieties, Hyperka¨hler varieties and Calabi–Yau vari-
eties. Our result below shows that Conjecture 1.4 holds in many cases, and it covers the
three types of building blocks: Abelian varieties, Hyperka¨hler varieties and Rationally
connected varieties (but not Calabi–Yau varieties).
Theorem 1.8. The sAND Conjecture 1.4 holds for every surjective endomorphism on
any projective variety X which fits one of the following cases.
(1) XK is a Mori dream space (cf. Theorem 3.2).
(2) dimpXq ď 2 (cf. Theorems 4.1 and 4.3).
(3) XK is a Hyperka¨hler variety (cf. Theorem 4.2).
(4) XK is a (Q)-abelian variety (cf. Corollary 5.9).
(5) XK is a smooth rationally connected projective variety admitting an int-amplified
endomorphism (cf. Theorem 6.3, Corollary 6.19).
(6) XK is a smooth projective threefold admitting an int-amplified endomorphism
(cf. Theorem 6.6, Corollary 6.19).
Let us recall the uniform boundedness conjecture due to Morton–Silverman.
Conjecture 1.9. (UBC = Uniform Boundedness Conjecture for PN , [MS94]) Fix
r P Zě2, N P Zě1, and d P Zě1. Then there exists a positive constant C “ Cpr,N, dq ą 0
such that the following holds: for any finite extension K Ď L (Ď K) with rL : Ks ď d
and any morphism φ : PN Ñ PN which is defined over L with deg φ “ r, the number of
φ-preperiodic L-rational points of PN is at most C.
We show the equivalence of the above Uniform Boundedness Conjecture and a special
case of a relative version of the sAND Conjecture 7.1: the non-density of Zfpdq for a
family of polarized endomorphisms, which suggests the importance and naturality of
conjecturing the non-density of the locus Zfpdq of small arithmetic degree.
Theorem 1.10. The following statements are equivalent.
(1) The Uniform Boundedness Conjecture 1.9.
(2) Let π : X Ñ S be a projective morphism of varieties and f : X Ñ X a surjective
morphism satisfying π ˝ f “ π. Assume that there is a π-ample divisor H on X
such that f˚H „π rH for some r ą 1. Let d ą 0. Then there is a constant C ą 0
(depending on d) such that |Zf |Xs pdq| ă C for any s P Spdq.
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(3) Let π : X Ñ S be a projective morphism of quasi-projective varieties and f : X Ñ
X a surjective morphism satisfying π ˝ f “ π. Assume that there is a π-ample
divisor H on X such that f˚H „π rH for some r ą 1. Let d ą 0. Then Zfpdq is
not dense.
Our sAND conjecture is also related to another long-standing conjecture which is com-
pletely solved only in dimension one by Merel [Mer96, Corollaire].
Conjecture 1.11. (UBC = Uniform Boundedness Conjecture for Torsion Points)
Take any N P Zě1 and d ą 0. Then there is a constant C “ CpN, dq ą 0 such that the
number of torision points in Apdq is at most C for any abelian variety A of dimension N
defined over K.
Remark 1.12. (1) Conjecture 1.9 implies Conjecture 1.11 (cf. [Fak03, Corollary 2.4]).
(2) Conjecture 1.11 is usually stated as follows:
(˚) Take any N P Zě1 and d ą 0. Then there is a constant C “ CpN, dq ą
0 such that the order of TorpApLqq is at most C for any abelian variety A of
dimension N over K and any finite extension K Ď L (Ď K) with rL : Ks ď d.
In fact, (˚) is equivalent to Conjecture 1.11. For, assuming (˚), a sufficiently
large integer m depending only on N and d annihilates all torsion points of ApLq
for any abelian variety A of dimension N and any finite extension K Ď L (Ď K)
with rL : Ks ď d. So m annihilates all torsion points contained in Apdq. This
implies that the number of torsion points in Apdq is at most m2N .
As an evidence of our sAND Conjecture (1.4 or 7.1), we show that Conjecture 1.11
implies Conjecture 7.1 for abelian fibrations.
Theorem 1.13. Let π : X Ñ Y be an abelian fibration of quasi-projective varieties and
f : X Ñ X a surjective morphism such that δf ą 1 and π ˝f “ π. Assume that there is a
Zariski dense open subset U Ď Y such that for any d ą 0 and d1 ą 0, there is a constant
C “ Cpd, d1q ą 0 such that the number of torsion points in Xypdq, where Xy is the fiber
over y P Upd1q, is at most C. Then for any d ą 0, Zfpdq is not dense in XK .
Acknowledgments. The first, second, third and last authors are supported by a JSPS
Overseas Research Fellowship, a Research Fellowship of KIAS, a Research Fellowship of
NUS, and an ARF of NUS, respectively. The authors would like to thank Prof. Kawaguchi
for kindly pointing out Remark 1.12 (1).
2. Preliminaries
In this section, we prepare some notions and lemmas needed.
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2.1. Notation, Convention and Terminology
‚ Throughout this article, we work over a fixed number field K unless otherwise
stated. We fix an algebraic closure K of K. The base change to K of some object
A defined over K is denoted by AK .
‚ A variety means a geometrically integral separated scheme of finite type over K.
‚ An endomorphism on X is a morphism over K from X to itself.
‚ Let X be a projective variety and f a surjective endomorphism on X .
(1) The (forward) f -orbit of a point x in XpKq is the set Ofpxq “ tf spxq | s ě 0u.
(2) A point x in XpKq is f -periodic if fnpxq “ x for a positive integer n. Perpfq
denotes the set of f -periodic K-rational points of X .
(3) A point x in XpKq is f -preperiodic if fkpxq is f -periodic for a positive integer
k. Preppfq denotes the set of f -preperiodic K-rational points of X .
We remark that x is f -preperiodic if and only if Ofpxq is finite. Further, if f
is an automorphism, then x is f -preperiodic if and only if x is f -periodic.
(4) A closed subset V Ď X is f -invariant (resp. f´1-invariant) if fpV q Ď V
(resp. f´1pV q Ď V ). Similarly V is f -periodic if fnpV q Ď V for some n ą 0
and f -preperiodic if fn`kpV q Ď fkpV q for some n, k ą 0.
‚ Let X be a projective variety and f a surjective endomorphism on X . The (first)
dynamical degree δf of f is defined to be the (first) dynamical degree of fK .
Namely, it is the following limit, with H any ample divisor
δf “ lim
nÑ`8
ppfnq˚H ¨HdimpXq´1q1{n.
‚ Let f : X Ñ X be a surjective endomorphism on a projective variety. Let Z Ď XK
be an f -preperiodic subvariety.
(1) Suppose fm`kpZq “ fkpZq for some m, k ą 0. Define the dynamical degree
of f along Z as
δf |Z “ pδfm|fkpZqq
1
m .
Clearly this definition is independent of m and k. If Z is f -invariant, then
this invariant coincides with the dynamical degree of f |Z .
(2) We call Z a f -preperiodic subvariety of small dynamical degree if δf |Z ă δf .
Moreover we say Z is a maximal f -preperiodic subvariety of small dynamical
degree if Z is maximal among all of the f -preperiodic subvarieties of small
dynamical degree.
‚ The symbols „ (resp. „Q, „R) and ” (resp. ”w) mean the linear equivalence
(resp. Q-linear equivalence, R-linear equivalence) and the numerical equivalence
(resp. weak numerical equivalence) on divisors (cf. [MZ18, Definition 2.2]).
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‚ A surjective morphism f : X Ñ X is q-polarized (or just polarized) if f˚H „ qH
for some ample divisor H and integer q ą 1 (or equivalently if f˚B ” qB for some
big R-divisor B; cf. [MZ18, Proposition 3.6]).
‚ A surjective morphism f : X Ñ X is int-amplified if f˚L´L “ H for some ample
divisors L and H (or equivalently if f˚L´ L “ H for some big R-divisors L and
H ; cf. [Men17, Theorem 1.1]).
‚ A finite surjective morphism is quasi-e´tale if it is e´tale in codimension one.
‚ A normal projective variety X over K is Q-abelian, if there is a finite quasi-e´tale
morphism AÑ X from an abelian variety A. A normal projective variety X over
K is Q-abelian if so is XK .
‚ For a projective variety X over K, NSpXq :“ PicpXq{Pic0pXq denotes the Ne´ron-
Severi group of X . Let K “ Q,R or C. Set NSpXqK :“ NSpXq bZ K. Set
N1pXq :“ NSpXqR and ρpXq “ dimRN1pXq. The number ρpXq is called the
Picard number of X . Denote by NefpXq the cone of nef divisors in N1pXq. Denote
by PE1pXq the cone of pseudo-effective divisors in N1pXq.
‚ Let K “ Q,R or C. For a K-linear endomorphism φ : V Ñ V on a K-vector space
V , ρpφq denotes the spectral radius of f , that is, the maximum of absolute values
of eigenvalues (in C) of φ.
‚ Let f : X Ñ X be a surjective endomorphism of a projective variety X . Then it
is known that the first dynamical degree δpfq is equal to ρpf˚|NSpXqCq.
‚ Let f , g and h be R-valued functions on a domain. Denote f “ g`Ophq if there is
a positive constant C such that |f ´g| ď C|h|. In particular, denote f “ g`Op1q
if there is a positive constant C such that |f ´ g| ď C.
‚ Let X be a projective variety. For an R-Cartier R-divisor D on X , we can attach
a function hD : XpKq Ñ R called logarithmic Weil height function. The function
hD is called the height function associated to D. Note that to construct hD from
D, we need additional information, for example an adelic metric on the associate
line bundle if D is integral, but the resulting function is unique up to bounded
functions. For definition and properties of height functions, see e.g. [HS00, Part
B] or [Lan83, Chapter 3].
‚ Let X be a normal projective variety and f a surjective endomorphism on X . Fix
an ample height function hH ě 1. Then, for every x P XpKq, the limit
αf pxq “ lim
nÑ`8
hHpfnpxqq1{n
exists and is independent of the choice of ample height function; we call αfpxq the
arithmetic degree of f at x. (cf. [KS16a], [KS16b, Theorem 3 (a)] for details).
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‚ Let f : X Ñ X be a surjective endomorphism on a projective variety X and D
an R-Cartier divisor on X . Take a height function hD associated to D. Fix an
ample Cartier divisor H on X and an associated height function hH ě 1.
(1) Assume that f˚D „R λD with λ ą 1. Then, for any x P XpKq, the limit
hˆD,fpxq “ lim
nÑ`8
hDpfnpxqq
λn
converges and satisfies hˆD,f “ hD `Op1q (cf. [CS93, Theorem 1.1]).
(2) Assume that f˚D ” λD with λ ąaδf . Then, for any x P XpKq, the limit
hˆD,fpxq “ lim
nÑ`8
hDpfnpxqq
λn
converges and satisfies hˆD,f “ hD `Op
?
hHq (cf. [KS16a, Theorem 5]).
‚ Given a variety X and d ą 0, set
Xpdq “
ď
KĎLĎK, rL:Ksďd
XpLq.
‚ For an abelian group G, TorpGq denotes the set of torsion elements of G.
‚ Let A be an abelian variety over K.
(1) For a Cartier divisor D on A, let ϕD : A ÝÑ Aˆ; x ÞÑ rT ˚xD ´Ds, where Aˆ is
the dual abelian variety and Tx is the translation by x. Note thatD P Pic0pAq
if and only if ϕD “ 0 (this is also adopted by Mumford as the definition of
Pic0pAq in his book). We get an R-linear map NSpAqR ÝÑ HompA, AˆqbZR.
Note that if D is ample, then ϕD is an isogeny.
(2) For an ample divisor H on A, set
ΦH : NSpAqR ÝÑ EndpAqR;D ÞÑ ΦHD “ ϕ´1H ˝ ϕD.
(3) Denote the Rosati involution with respect to an ample divisor H by
iH : EndpAqR ÝÑ EndpAqR;α ÞÑ ϕ´1H ˝ αˆ ˝ ϕH
where αˆ is the dual of α in EndpAˆqR.
‚ For a generically finite surjective morphism π : X Ñ Y between varieties over K,
denote by Excpπq the π-exceptional locus, i.e., the union of curves in X contracted
by π.
The following lemma follows from the product formula (cf. e.g. [Tru15]).
Lemma 2.2. Let π : X 99K Y be a dominant rational map between projective varieties,
and f : X Ñ X, g : Y Ñ Y surjective morphisms such that π ˝ f “ g ˝ π. Then we have:
(1) δf ě δg.
(2) If dimpXq “ dimpY q, then δf “ δg.
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The following two lemmas enable us to replace a given endomorphism by its positive
power or direct summands, respectively.
Lemma 2.3. Let f : X Ñ X be a surjective endomorphism of a projective variety. Take
a positive integer N . Then Zf “ ZfN . In particular, Conjecture 1.4 holds for f if and
only if it holds for fN .
Proof. The lemma follows from that δfN “ δNf and αfN pxq “ αNf pxq. 
Lemma 2.4. Let X, Y be projective varieties and f, g surjective endomorphisms on X, Y ,
respectively. Then
Zfˆg “
$’’’&’’’%
Zf ˆ Y if δf ą δg,
Zf ˆ Zg if δf “ δg,
X ˆ Zg if δf ă δg.
In particular, Conjecture 1.4 holds if it holds for f and g.
Proof. We may assume that δf ě δg, without loss of generality. We can easily show (e.g.
by the product formula) that δfˆg “ maxpδf , δgq “ δf .
Let p : X ˆ Y Ñ X , q : X ˆ Y Ñ Y be the projections. Take ample divisors HX , HY
on X, Y , respectively. Set H “ p˚HX ` q˚HY . Then
αfˆgpx, yq “ lim
nÑ`8
hHppf ˆ gqnpx, yqq1{n
“ lim
nÑ`8
thHX pfnpxqq ` hHY pgnpyqqu1{n
“ maxpαfpxq, αgpyqq.
For the last equality, see [San16, Lemma 3.1]. So px, yq P Zfˆg if and only if max
pαfpxq, αgpyqq ă maxpδf , δgq.
If δf ą δg, then px, yq P Zfˆg if and only if αf pxq ă δf . Hence Zfˆg “ ZfˆY . If δf “ δg,
then px, yq P Zfˆg if and only if αf pxq ă δf and αgpyq ă δg. So Zfˆg “ Zf ˆ Zg. 
The following is easy but fundamental for the reduction to invariant subvarieties.
Lemma 2.5. Let f : X Ñ X be a surjective endomorphism on a projective variety X
and W Ď X an f -invariant closed subvariety. Then αf |W pxq “ αf pxq for any x PW pKq.
Proof. Let ι : W Ñ X be the inclusion. For an ample divisor H on X , the restriction
H |W is also ample and hH|W “ hH ˝ ι. So the assertion holds. 
The following lemma is useful when dealing with equivariant fibrations or covers.
Lemma 2.6. Let X, Y be projective varieties and f, g surjective endomorphisms on X, Y ,
respectively. Let π : X Ñ Y be a surjective morphism such that π ˝ f “ g ˝ π. Then:
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(1) αfpxq ě αgpπpxqq for any x P XpKq.
(2) Assume that δf “ δg. Then πpZfq Ď Zg. Moreover, Conjecture 1.4 holds for f if
it holds for g.
(3) Assume that π is finite. Then δf “ δg, αfpxq “ αgpπpxqq, and πpZfq “ Zg.
Moreover, Conjecture 1.4 holds for f if and only if it holds for g.
Proof. (1) Take ample divisors H,A on X, Y respectively such that H ´ π˚A is ample.
Then we can take associated height functions hH , hA ě 1 as satisfying ChH ě hA ˝ π for
some C ą 0. We have
hApgnpπpxqqq1{n “ hApπpfnpxqqq1{n ď pChHpfnpxqqq1{n .
Letting nÑ `8, we obtain αgpπpxqq ď αf pxq.
(2) Clearly πpZfq Ď Zg by (1). Take any d ą 0. Then πpZfpdqq Ď Zgpdq. So the
non-density of Zgpdq implies the non-density of Zfpdq.
(3) By Lemma 2.2, δf “ δg. Since π is finite, π˚A is also ample. This implies that
αfpxq “ αgpπpxqq for any x P XpKq. So πpZfq “ Zg.
Take any d ą 0. Since π is a finite cover, there is some d1 ą 0 such that π´1pY pdqq Ď
Xpd1q. So π´1pZgpdqq Ď Zfpd1q. Therefore the non-density of Zfpd1q implies the non-
density of Zgpdq. 
Below is a description of the closure of an orbit.
Lemma 2.7. Let f : X Ñ X be a surjective endomorphism on a projective variety X
over K and x P XpKq. Then for some s ě 1 and t ě 1,
Ofpxq “ txu Y tfpxqu Y ¨ ¨ ¨ Y tf t´1pxqu Y
s´1ď
i“0
f ipOfspf tpxqqq,
which is a union of irreducible closed subsets and Ofspf tpxqq is f s-invariant.
Proof. Let Z :“ Ofpxq which is f -invariant. Since Z has finitely many irreducible com-
ponents, we may assume f spZ1q “ Z1 for for some s ą 0 and irreducible component Z1
of Z. Note that y “ f tpxq P Z1 for some t ą 0 (minimal). Indeed, otherwise, we will have
Z “ ZzZ1, a contradiction. So Ofspf tpxqq Ď Z1. Note that
Ofpxq “ txu Y tfpxqu Y ¨ ¨ ¨ Y tf t´1pxqu Y
s´1ď
i“0
f ipOfspf tpxqqq.
Since f is a closed map,
Z “ txu Y tfpxqu Y ¨ ¨ ¨ Y tf t´1pxqu Y
s´1ď
i“0
f ipOfspf tpxqqq.
Thus dimpOfspf tpxqqq “ dimpZ1q, so Ofspf tpxqq “ Z1 which is irreducible. 
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Lemma 2.8. Let X, Y be projective varieties over K and f, g surjective endomorphisms
on X, Y , respectively. Let π : X Ñ Y be a generically finite surjective morphism such
that π ˝ f “ g ˝ π. Then δf “ δg and αf pxq “ αgpπpxqq for any x P XzExcpπq.
Proof. By Lemma 2.2, δf “ δg. Taking normalization, we may assume X and Y are
normal by Lemma 2.6(3). Taking the Stein factoriazation of π (cf. [CMZ17, Lemma
5.2]), we may assume that π is a birational morphism. Then Excpπq is f´1-invariant by
[CMZ17, Lemma 7.3].
Let x P XzExcpπq. By Lemma 2.7, replacing x by an f -iteration and f by a positive
power, we may assume that W “ Ofpxq is an irreducible closed f -invariant subset. Note
that W is not contained in Excpπq. So π|W : W Ñ πpW q gives a birational morphism.
Since αf pxq “ αf |W pxq by Lemma 2.5, replacing π : X Ñ Y by π|W : W Ñ πpW q, we
may assume that Ofpxq is Zariski dense in X .
Take an ample divisor A on Y . Then π˚A is big, so π˚A „ H ` E for some ample
divisor H and an effective divisor E on X . Take height functions hH , hA ě 1. Then
we have hH ď hA ˝ π ` Op1q on Xz SupppEq. So hHpfnpxqq ď hApgnpπpxqqq ` Op1q if
fnpxq R SupppEq. We can take a subsequence tfnkpxquk Ď Xz SupppEq since Ofpxq is
dense. Then
αfpxq “ lim
kÑ`8
hHpfnkpxqq1{nk ď lim
kÑ8
hApgnkpπpxqqq1{nk “ αgpπpxqq.
This together with Lemma 2.6 imply αfpxq “ αgpπpxqq. 
We can extend Lemma 2.6 to rational fibrations.
Lemma 2.9. Let X, Y be projective varieties and f, g surjective endomorphisms on X, Y ,
respectively. Let π : X 99K Y be a dominant rational map such that π ˝ f “ g ˝ π.
(1) Assume δf “ δg. If Conjecture 1.4 holds for g, then so does for f .
(2) Assume that dimpXq “ dimpY q. Then δf “ δg. Moreover, Conjecture 1.4 holds
for f if and only if it holds for g.
Proof. Let Γ be the graph of π, with the projections p1 : ΓÑ X , p2 : ΓÑ Y . Let h : ΓÑ
Γ be the restriction of fˆg : XˆY Ñ XˆY to Γ. Note that δh “ δf by Lemma 2.2. Note
that p1 is birational and p2 is generically finite surjective when dimpXq “ dimpY q. By
Lemma 2.8, we have p´11 pZfqzExcpp1q “ ZhzExcpp1q and p´12 pZgqzExcpp2q “ ZhzExcpp2q
when dimpXq “ dimpY q. Hence,
(*) p´11 pZfpdqq Ď Zhpd1q, p´12 pZgpdqq Ď Zhpd1q pwhen dimpXq “ dimpY qq
with d1 depending on d.
(1) If Conjecture 1.4 holds for g, it holds for h by Lemma 2.6, and also for f by p˚q.
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(2) We have δf “ δg by Lemma 2.2. Assume f satisfies Conjecture 1.4. Then h satisfies
Conjecture 1.4 by Lemma 2.6. So does g by p˚q above. 
The following lemmas are used for the study of abelian fibrations in Section 7.
Lemma 2.10 (cf. [KS16b, Proposition 26]). Let A be an abelian variety over an alge-
braically closed field of characteristic zero, H an ample divisor and D a nef R-divisor.
Then there exists some α P EndpAqR such that ΦHD “ iHpαq ˝ α and iHpαq “ α (see 2.1).
Lemma 2.11. (cf. [FAG05]) Let Y be a Noetherian scheme. Let π : X ÝÑ Y be a smooth
projective group scheme with geometrically integral fibers. Let D be a Cartier divisor on
X. Then the natural transformation
XpSq ÝÑ PicpX{Y qpetqpSq; x ÞÑ rT ˚xDS ´DSs
(here S runs over all locally Noetherian Y -schemes) defines a morphism X ÝÑ PicX{Y
which factors through Pic0X{Y . Denote this morphism as ϕD : X ÝÑ Pic0X{Y . This
construction commutes with base changes of Y , i.e., for any morphism Z ÝÑ Y from a
Noetherian scheme Z, we have the following commutative diagram:
XˆY Z
ϕDˆY Z
//
id

Pic0X{Y ˆY Z
»

XˆY Z ϕDZ
// Pic0XˆY Z{Z .
Remark 2.12. For Picard functors and Picard schemes, see [FAG05, Part 5]. For relative
Pic0, see [FAG05, Part 5, Proposition 9.5.20].
Remark 2.13. In the setting of the above lemma, if H is a π´ample divisor on X ,
then ϕH is a finite surjective morphism. Thus we can define Φ
H
D P EndpX{Y qR for an
R-Cartier divisor D on X , and also Rosati involution with respect to H , as in 2.1.
3. Polarized endomorphisms, curves and Mori dream spaces
Theorem 3.1 (cf. [CS93], [KS14]). Let f : X Ñ X be a polarized endomorphism. Then:
(1) Zf “ Preppfq.
(2) For any d ą 0, Xpdq X Preppfq is a finite set.
Hence Conjecture 1.4 holds for every polarized endomorphism of any projective variety
and every surjective endomorphism of any projective curve.
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Proof. By assumption, f˚H „ dH for some ample divisor H and d ą 1. Then we have a
canonical height function
hˆH,f pxq “ lim
nÑ`8
hHpfnpxqq
dn
which is a height function associated to H (cf. [CS93]). The Northcott property of hˆH,f
implies that hˆH,fpxq “ 0 if and only if x P Preppfq for x P XpKq. So Zf “ phˆH,f “
0q “ Preppfq. It is easy to see that hˆH,fpxq ą 0 if and only if αfpxq “ d p“ δfq. So
Zf “ Preppfq. In addition, PreppfqXXpdq is finite for any d ą 0 because of the Northcott
finiteness property of hˆH,f . 
Theorem 3.2 (cf. [Mat19, Theorem 4.1]). Let X be a normal projective variety such that
N1pXKqQ “ PicpXKqQ and the nef cone of XK is generated by finitely many semi-ample
Cartier divisors. Then Zfpdq is not Zariski dense in XK for every surjective endomor-
phism f on X and any d ą 0. In particular, Conjecture 1.4 holds for all surjective
endomorphisms on Mori dream spaces.
Proof. We may assume that δf ą 1. By the assumption, replacing f by a positive power,
f˚D „ δfD for some base point free effective Cartier divisor D ‰ 0. Then hˆD,f |Zf “ 0
and hence hD|Zf “ Op1q. For any d ą 0, we have Zfpdq Ď tx P Xpdq | hDpxq ď Mu for
some M ą 0. By [Shi19, Corollary 2.3]), the set of right hand side and hence Zf pdq are
not Zariski dense in XK . 
4. Surfaces and Hyperka¨hler varieties
Theorem 4.1 (cf. [Kaw08]). Let f : X Ñ X be an automorphism of positive entropy on
a projective surface. Then we have:
(1) The number of f -periodic irreducible curves on XK is finite.
(2) Let Ci (1 ď i ď r) be the f -periodic irreducible curves on XK. Then Zf “Ťr
i“1Ci Y Perpfq.
(3) For any d ą 0, Xpdq X pPerpfqzpŤri“1Ciqq is a finite set.
Hence Conjecture 1.4 holds for every automorphism of any projective surface.
Proof. Note that δ :“ δf (ą 1) is known to be a Salem number with δf´1 “ δ.
First we consider the case when XK is smooth. We can find nef R-divisors D
`, D´ ı 0
on XK such that f
˚D` „R δD` and f˚D´ „R δD´ (cf. [Kaw08, Lemma 3.8] or [San17,
Remark 5.11]). Then D “ D` ` D´ is nef and big by the Hodge index theorem. Let
tCλuλPΛ be the family of all f -periodic irreducible curves. Then Λ is finite and we can
take aλ ą 0 for each λ P Λ such that D ´
ř
λ aλCλ is ample (cf. [Kaw08, Proposition
1.3]).
14 Y. MATSUZAWA, S. MENG, T. SHIBATA, D.-Q. ZHANG
Set E “ řλ aλCλ and A “ D ´ E. Take canonical height functions
hˆD`,fpxq “ lim
nÑ`8
hD`pfnpxqq
δn
, hˆD´,f´1pxq “ lim
nÑ`8
hD´pf´npxqq
δn
associated to D`, D´, respectively. Then
(*) hA ` hE “ hˆD`,f ` hˆD´,f´1 `Op1q.
Substitute fnpxq to (*), we have
(**) hApfnpxqq ` hEpfnpxqq “ δnhˆD`,fpxq ` δ´nhˆD´,f´1pxq `Op1q.
If x P Zfz SupppEq, then hˆD`,fpxq must be zero and so thApfnpxqqu`8n“0 is upper bounded.
The Northcott property for hA implies x P Perpfq since f is an automorphism. If x P
SupppEq, then αf pxq “ 1 since f gives an automorphism on SupppEq which is a union of
curves and any automorphism on a curve has first dynamical degree one. Therefore,
Zf “ SupppEq Y Perpfq “
ď
λPΛ
Cλ Y Perpfq.
Thus the set Xpdq X pPerpfqzŤλPΛ Cλq is finite for any d ą 0 by the Northcott property
of hA. This proves the theorem for the case of smooth surfaces.
Now we consider the general case. Take an f -equivariant resolution π : rXK Ñ XK
with an automorphism rf : rXK Ñ rXK such that π ˝ rf “ f ˝ π. Extending K, we may
assume that rX , π and rf are defined over K. Lemma 2.6(2) and Lemma 2.8 imply that
πpZ rfq Ď Zf Ď πpZ rf Y Excpπqq. Now Excpπq is f -invariant, so it is a union of f -periodic
curves. Thus Z rf Y Excpπq “ Z rf by Step 1. Hence πpZ rfq “ Zf .
Let rC1, . . . , rCr be the rf -periodic irreducible curves on rXK . Note that πpExcpπqq Ď
Perpfq. Then πp rC1q, . . . , πp rCrq exhaust the f -periodic irreducible curves on XK and
Zf “ πpZ rfq “
rď
i“1
πp rCiq Y Perpfq.
Fix d ą 0. By the case for smooth surfaces, Perp rfqzpŤri“1 rCiq is finite in rXpdq. So
PerpfqzpŤri“1 πp rCiqq (the image of Perp rfqzpŤri“1 rCiq) is also finite in Xpdq. 
A projective variety X over K is Hyperka¨hler if so is XK .
Theorem 4.2 (cf. [LS18, Theorem 1.2]). Let f : X Ñ X be a surjective endomorphism
on a projective Hyperka¨hler variety X. Then Zfpdq is not Zariski dense in XK for any
d ą 0.
Proof. We may assume δf ą 1. By the ramification divisor formula, f is e´tale and hence
an automorphism since a Hyperka¨hler variety has trivial πalg1 pXKq. The proof is almost
the same as that of Theorem 4.1. Indeed, take nef R-divisors D`, D´ ı 0 on X such
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that f˚D` „R δfD` and f˚D´ „R δf´1D´. Then the Beauville–Bogomolov–Fujiki form
enables us to show thatD``D´ is nef and big (cf. [LS18, Lemma 3.8]). WriteD``D´ „R
A ` E where A is ample and E is effective. Then we have Zf Ď SuppE Y Perpfq. The
set Xpdq X pPerpfqz SuppEq is finite for any d ą 0 by the Northcott property of hA. So
Zfpdq is not Zariski dense in XK . 
Theorem 4.3 (cf. [MSS18], [MZ19b]). Let f : X Ñ X be a non-invertible surjective
endomorphism on a projective surface. Then Zfpdq is not Zariski dense in XK for any
d ą 0.
Proof. We may assume XK is normal by Lemma 2.6. Since deg f ą 1, XK is log canonical
by [War90, Theorem 2.8].
If KXK is peudo-effective, then by [Nak08, Theorem 7.1.1], after replacing f by a
suitable power and extending K, there is a quasi-e´tale finite morphism φ : X 1 Ñ X with
a lift f 1 : X 1 Ñ X 1 of f (all are defined over K) such that
(1) X 1 is an abelian surface; or
(2) X 1 is a product of an elliptic curve and a curve of genus ě 2.
The first case is a special case of Corollary 5.9, and the second case is a special case of
Theorem 7.8, whose proofs are independent of the results of this theorem.
Assume that KXK is not pseudo-effective. Then, after replacing f by a suitable power
and extending K, it is proved in [MZ19b, Theorem 5.4] that
(3) f is a polarized endomorphism; or
(4) There is a Fano contraction π : X Ñ Y to a curve and f induces g : Y Ñ Y with
δf “ δg; or
(5) There is a finite surjective morphism τ : X Ñ P1 ˆ Y to the product of P1
and a curve Y with endomorphisms g : P1 Ñ P1 and h : Y Ñ Y such that
τ ˝ f “ pg ˆ hq ˝ τ .
These cases are verified by Theorem 3.1, Lemma 2.6, Lemma 2.4, respectively. 
Combining Theorems 4.1 and 4.3, we obtain the following.
Theorem 4.4. Let X be a projective surface and f : X Ñ X a surjective endomorphism.
Then Zfpdq is not Zariski dense in XK for any d ą 0.
5. Abelian varieties
In this section, we first prove:
Theorem 5.1 (cf. [MS18, Section 5]). Let X be an abelian variety and f : X Ñ X a
surjective endomorphism (which is not necessarily an isogeny) with the first dynamical
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degree δf ą 1. Then there is a proper abelian subvariety B Ă XK and a point p P XpKq
such that B ` p is f -invariant and Zf “ B ` p` TorpXKq.
To prove Theorem 5.1, we use the following results.
Lemma 5.2 (cf. [Sil17, Proof of Theorem 2]). Let f : AÑ A be an isogeny on an abelian
variety over K. Then there are abelian subvarieties A1, A2 of A such that we have:
(1) The addition map m : A1 ˆ A2 Ñ A is an isogeny.
(2) Ai is f -invariant for i “ 1, 2. Set fi “ f |Ai.
(3) The map 1A1´f1 : A1 Ñ A1 is surjective.
(4) δf2 “ 1.
Remark 5.3. Let F : A ÝÑ A be a surjective endomorphism. Then we can write F “
τa˝f where f is an isogeny and τa is a translation by a P A. Apply Lemma 5.2 to f . Take
pa1, a2q P A1ˆA2 such that a1`a2 “ a. Then we have F ˝m “ m˝ppτa1 ˝f1qˆpτa2 ˝f2qq,
τa1 ˝ f1 is conjugate to an isogeny by a translation, and δτa2˝f2 “ 1 (cf. [MS18, §5]).
Theorem 5.4 ([KS16b, Theorem 1]). Let f : AÑ A be an isogeny on an abelian variety
with δf ą 1. Take a symmetric nef R-divisor D such that D is not numerically trivial
and f˚D ” δfD. Take the canonical height function hˆD,f associated to D:
hˆD,fpxq “ lim
nÑ8
hDpfnpxqq{δnf .
Then there is an f -invariant proper abelian subvariety B Ă AK such that the zero locus
of hˆD,f is equal to B ` TorpAKq.
Proof of Theorem 5.1. First we assume that f is an isogeny, and show:
Claim 5.5. Let f : X Ñ X be an isogeny on an abelian variety with δf ą 1. Then there
is an f -invariant proper abelian subvariety B Ă XK such that Zf “ B ` TorpXKq.
Proof. We prove the claim by induction on the dimension. If dimpXq “ 1, then Zf “
Preppfq. So we have to show Preppfq “ TorpXKq. Since f is an isogeny, fpXKrNsq Ď
XKrNs for any N ą 0, where XKrNs denotes the (finite) set of N -torsion points of XK .
So TorpXKq Ď Preppfq. Conversely, take any x P Preppfq. Then fn`kpxq “ fnpxq for
some n, k P Zą0. This means that x is contained in p1X ´ fkq´1pKerpfnqq, which is a
finite group since fn and 1X ´ fk are isogenies. Here we used the assumption δf ą 1 to
guarantee fk ‰ 1X . Therefore, x P TorpXKq. Hence Zf “ TorpXKq.
Assume dimpXq ě 2 and the claim holds for abelian varieties of smaller dimensions.
Take a nef symmetric R-Cartier divisor D on X such that D is not numerically trivial
and f˚D ” δfD. Then Theorem 5.4 implies that the zero locus of hˆD,f is equal to
B ` TorpXKq for some proper f -invariant abelian subvariety B Ă XK . For any point
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x P XK , hˆD,fpxq ą 0 implies that αf pxq “ δf . So Zf Ď B ` TorpXKq. Note that hˆD,f is
non-negative (cf. [KS16b, Section 6]).
Set fB “ f |B : B Ñ B. Then δfB ď δf by [NZ09, Proposition A.11]. If δfB ă δf , then
the arithmetic degree of any point of B is smaller than δf . Then Zf “ B ` TorpXKq.
Next, assume that δfB “ δf . Then the induction hypothesis implies that there is a
proper fB-invariant abelian subvariety C Ă B such that ZfB “ C ` TorpBq. Now we
have C ` TorpXKq Ď Zf . Conversely, take any x P Zf . Then mx is in B (and also in
mApZfq “ Zf ; see Lemma 2.6) for some m P Zą0. Now mx P Zf XB “ ZfB , so kmx P C
for some k P Zą0. Thus Zf “ C ` TorpXKq. This proves the claim. 
Next we consider a general endomorphism f . Write f “ τa˝φ such that φ is an isogeny
and τa is the translation map by a P X . By Lemma 5.2, there are abelian subvarieties
A1, A2 of X such that we have:
(1) The addition map m : A1 ˆ A2 Ñ A is an isogeny.
(2) Ai is φ-invariant for i “ 1, 2. Set φi “ φ|Ai.
(3) The map 1A1 ´ φ1 : A1 Ñ A1 is surjective.
(4) δφ2 “ 1.
Take ai P Ai for i “ 1, 2 such that a “ a1 ` a2 and set fi “ τai ˝ φi. Take p P A1
satisfying p ´ φppq “ a1. Since translations act trivially on the Neron-Severi lattice and
the map φ1ˆφ2 descends to φ via the map m, Lemma 2.2 and the product formula imply
δf “ δφ “ δφ1ˆφ2 “ δφ1 “ δf1 . Now we have the commutative diagram:
A1 ˆ A2
φ1ˆf2
//
τpˆ1A2

A1 ˆ A2
τpˆ1A2

A1 ˆ A2
f1ˆf2
//
m

A1 ˆ A2
m

X
f
// X
Applying Claim 5.5 to φ1, there is a proper φ1-invariant abelian subvariety B1 Ă pA1qK
such that Zφ1 “ B1`TorppA1qKq. Since φ1ˆ f2 descends to f via a finite morphism, the
first equality below follows from Lemma 2.6, while the second follows from Lemma 2.4:
Zf “ pm ˝ pτp ˆ 1A2qqpZφ1ˆf2q
“ pm ˝ pτp ˆ 1A2qqppB1 ` TorppA1qKq ˆ pA2qKqq
“ B1 ` TorppA1qKq ` p` pA2qK .
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Set B “ B1 ` pA2qK . Then we have Zf “ B ` p` TorpXKq. We compute
fpB ` pq “ φpB1 ` pA2qK ` pq ` a
“ φpB1q ` φppA2qKq ` φppq ` a1 ` a2
“ B1 ` pA2qK ` φppq ` a1 ` a2
“ pB ` a2q ` pφppq ` a1q
“ B ` p.
So B ` p is f -invariant. 
Theorem 5.6. Notation is as in Theorem 5.1. Write Zf “ B ` p` TorpXKq. Then:
(1) tB ` p ` tutPTorpXpKqq is the family of all maximal f -preperiodic subvarieties of
small dynamical degree in XK.
(2) There are only finitely many maximal f -invariant subvarieties of small dynamical
degree in XK (cf. Question 8.4(3)).
(3) For any d ą 0, Zfpdq Ď
Ťr
i“1pB ` p ` tiq for some t1, . . . , tr P TorpXKq. In
particular, Zfpdq is not Zariski dense.
Proof. (1) Write f “ τa ˝ φ such that φ is an isogeny and τa is the translation map by
a P X . Pick t P TorpXpKqq. Since fpB ` pq “ B ` p, inductively, for any s ě 1, we get
f spB ` p` tq “ f s´1pφpB ` p` tq ` aq
“ f s´1pφpB ` pq ` φptq ` aq
“ f s´1pfpB ` pq ` φptqq
“ f s´1pB ` p ` φptqq
“ ¨ ¨ ¨ “ B ` p` φsptq.
Since φ is an isogeny, if t is in the set of N -torsion points (which is a finite set), then so
is φsptq. Thus B ` p ` t is an f -preperiodic subvariety of small dynamical degree. The
maximality of B ` p` t is clear, since Zf “
Ť
tPTorpXKq
pB ` p` tq.
(2) Extending K, we may assume that B and p are defined over K. Fix d ą 0. Take
the quotient π : X Ñ Y :“ X{B. Then π is f -equivariant. Set g :“ f |Y . If B ` p ` t is
f -invariant, then gpπpp`tqq “ gpπpB`p`tqq “ πpfpB`p`tqq “ πpB`p`tq “ πpp`tq.
By (1), it suffices to show that there are only finitely many g-fixed points in YK . Suppose
the contrary. Then g|Z “ id for some postive dimensional irreducible closed subvariety
Z Ď YK . By the product formula, δf |pi´1pZq “ δf |B`p ă δf . However, π´1pZq Ľ B ` p ` t
for some t P TorpXKq, a contradiction with the maximality.
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(3) Fix d ą 0. Then πpZfpdq ´ pq Ď TorpYKq X Y pdq and TorpYKq X Y pdq is a finite
group. So
π prNsXpZf pdq ´ pqq “ rNsY pπpZfpdq ´ pqq “ 0
for some N ą 0. Hence Zfpdq ´ p Ď rNs´1X pBKq “ BK `XKrNs, where XKrNs denotes
the set of N -torsion points of XK . As a consequence, Zfpdq is contained in a finite union
of subvarieties of the form BK ` p` t with t being a torion point. 
We can use the above precise description of Zf to prove Conjecture 1.4 for varieties of
maximal Albanese dimension.
Definition 5.7. Let X be a normal projective variety over an algebraically closed field.
Then there is an abelian variety AlbpXq, called the Albanese variety ofX , and a dominant
rational (Albanese) map albX : X 99K AlbpXq, such that every rational map from X to
another abelian variety factors through albX .
We say that a variety X is of maximal Albanese dimension if dimpalbXpXqq “ dimpXq.
We say that a variety X defined over K is of maximal Albanese dimension if so is XK .
Corollary 5.8. Conjecture 1.4 holds for surjective endomorphisms on normal projective
varieties of maximal Albanese dimension.
Proof. Let X be a normal projective variety of maximal Albanese dimension and f :
X Ñ X a surjective endomorphism with δf ą 1. By Lemma 2.9 and replacing X and
albX by the graph, we may assume that the albanese map albX : X Ñ AlbpXq “: A is
a well-defined morphism, and also defined over K after extending K. Then f induces
a surjective endomorphism g : A Ñ A. By Lemma 2.6 or 2.9 and replacing pX, fq by
palbXpXq, g|albXpXqq, we may assume that X is a g-invariant subvariety of A such that
0 P X and X is not contained in any proper abelian subvariety of A.
Note that δf ď δg (cf. [NZ09, Proposition A.11]). We prove the assertion by induction
on dimpAq. If dimpAq “ 1, then X is either a point or A, so the assertion follows from
Theorem 5.6.
Consider the general case. By Theorem 5.1, Zg “ B ` p ` TorpAKq, where B ` p is
a proper g-invariant translated abelian subvariety of AK . If δf ă δg, then XK Ď Zg.
This implies that XK Ď B ` p ` t for some t P TorpAKq. Then B ` p ` t “ B since
0 P XK Ď B ` p ` t, but this contradicts that X is not contained in any proper abelian
subvariety of A. So we have δf “ δg.
Take any d ą 0. By Theorem 5.6, Zgpdq Ď
Ťr
i“1pB ` p ` tiq for some torsion points
t1, . . . , tr P AK . Then
Zfpdq “ XK X Zgpdq Ď XK X
˜
rď
i“1
pB ` p` tiq
¸
“
rď
i“1
pXK X pB ` p` tiqq.
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Moreover, XK Ę B ` p ` ti for any i. So
Ťr
i“1pXK X pB ` p ` tiqq is a proper closed
subset of XK . 
A variety X over K is Q-abelian if so is XK . We can also prove Conjecture 1.4 for
Q-abelian varieties.
Corollary 5.9 (cf. [MZ19b, Theorem 2.8]). Conjecture 1.4 holds for surjective endomor-
phisms on Q-abelian varieties.
Proof. Let f : X Ñ X be a surjective endomorphism on a Q-abelian variety. After
enlarging the ground field if necessary, we can take a finite surjective morphism π : AÑ X
from an abelian variety and a surjective endomorphism g : AÑ A such that π ˝ g “ f ˝π
(cf. [NZ10] or [CMZ17, Corollary 8.2]). Then the assertion follows from Lemma 2.6.
test123 test123 
6. Varieties admitting int-amplified endomorphisms
In this section, the ground field is K (or any algebraically closed field of characteristic
zero) unless otherwise stated. We focus on aQ-factorial klt projective varietyX admitting
an int-amplified endomorphism I, i.e., I˚L ´ L “ H for some ample Cartier divisors L
and H . Alternatively, it is equivalent to saying that all the eigenvalues of I˚|N1pXq are
of modulus greater than 1; see [Men17, Theorem 1.1]. Given any (not necessarily int-
amplified) surjective endomorphism f of X , we may run the f -equivariant minimal model
program (after some iteration of f) by [MZ19a, Theorem 1.2]. In this way, it suffices for us
to focus on the following Case TIR when studying the Kawaguchi–Silverman Conjecture
1.1; see [MZ19b, Theorem 1.7].
Case TIRn (Totally Invariant Ramification case). Let X be a normal projective variety
of dimension n ě 1, which has only Q-factorial Kawamata log terminal (klt) singularities
and admits an int-amplified endomorphism. Let f : X Ñ X be a surjective endomor-
phism. Moreover, we impose the following conditions.
(A1) The anti-Iitaka dimension κpX,´KXq “ 0; ´KX is nef, whose class is extremal
in both the nef cone NefpXq and the pseudo-effective divisors cone PE1pXq.
(A2) f˚D “ δfD for some prime divisor D „Q ´KX .
(A3) The ramification divisor of f satisfies SuppRf “ D.
(A4) There is an f -equivariant Fano contraction π : X Ñ Y with δf ą δf |Y (ě 1).
(A5) dimpXq ě dimpY q ` 2 ě 3.
For the sAND Conjecture 1.4, we show that the same strategy works.
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Theorem 6.1. (cf. [MZ19b, Theorem 1.7]) Let X be a normal projective variety over K
such that XK has only Q-factorial Kawamata log terminal (klt) singularities and admitting
an int-amplified endomorphism. Then we have:
(1) If KXK is pseudo-effective, then Conjecture 1.4 holds for any surjective endomor-
phism of X.
(2) Suppose that Conjecture 1.4 holds for Case TIR (for those f |Xi : Xi Ñ Xi ap-
pearing in any equivariant MMP starting from XK). Then Conjecture 1.4 holds
for any surjective endomorphism on X.
Proof. We apply almost the same proof of [MZ19b, Theorem 1.7]. Indeed, we only need
to replace [MZ19b, Lemma 2.5 and Theorem 2.8] for Conjecture 1.1 by our Lemma 2.6
and Corollary 5.9 for Conjecture 1.4. 
In the rest of this section, we show that Case TIR will not occur in many cases.
We first extend [MY19, Theorem 4.4] a bit to make all surjective endomorphisms
liftable (after suitable iteration).
Theorem 6.2. (cf. [MY19, Theorem 4.4]) In Case TIR, there exists the following com-
mutative diagram:
X
π

rXµXoo
rπ

Y A
µY
oo
where A is an abelian variety, µY is finite surjective, rX is the normalization of the main
component of X ˆY A, and µX is quasi-e´tale finite surjective, such that any commutative
diagram of surjective morphisms
hX
œ
X
π
// Y ö hY
can be lifted equivariantly to
hX
œ
X
π

rX ö h rXµXoo
rπ

hY
œ
Y A ö hAµY
oo
Proof. Note that in Case TIR, κpX,´KXq “ 0 and ´KX „Q D for some reduced effective
divisor D. By [MZ19b, Theorem 6.2], SuppRhX Ď D for any surjective endomorphism
hX of X . Next, we only consider those hX which can descend equivariantly to hY via π.
Since D is π-ample, πpDq “ Y . Note also that D is irreducible in our assumption.
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Using the same notation in the proof of [MY19, Theorem 4.4], we can define a positive
integer mE for any prime divisor E on Y so that π
˚E “ mEF for some prime divisor F
on X . We set ∆ “ ř mE´1
mE
E which is a finite sum. By the same computation in the proof
of [MY19, Theorem 4.4] and the key reason πpDq “ Y , we have h˚Y pKY `∆q „ KY `∆.
Since the int-amplifed endomorphism on X descends to an int-amplified endomorphism
on Y , KY `∆ „Q 0 by [Men17, Theorem 1.1] and [MZ19b, Proposition 3.4].
Applying [MY19, Lemma 4.9] to the pair pY,∆q, we obtain the commutative diagram:
Y1
µY1

hY1
// Y1
µY1

Y
hY
// Y
where KY1 „ 0 and µY1 is finite surjective which does not depend on hY . In the proof
of [MY19, Theorem 4.4], it is further shown that Y1 is klt. Note that Y1 admits an int-
amplified endomorphism. So Y1 is Q-abelian by [Men17, Theorem 1.9]. Further, we can
find abelian variety A and the commutative diagram:
A
µY2

hA
// A
µY2

Y1
hY1
// Y1
where µY2 is quasi-e´tale, finite and surjective (cf. [CMZ17, Corollary 8.2]).
Now hA is the lifting of hY via µY :“ µY1 ˝ µY2. The induced cover µX is quasi-e´tale
by [MY19, Lemma 4.5]. 
Let X be a normal projective variety. Denote by πalg1 pXregq the algebraic fundamental
group of the smooth locus Xreg of X . Conjecture 1.1 for smooth rationally connected
projective varieties admitting int-amplified endomorphisms has been solved in [MZ19b]
and [MY19]. Indeed, the key point of the proof is the following, noting that a smooth
rationally connected projective variety has trivial algebraic fundamental group.
Theorem 6.3. (cf. [MZ19b], [MY19]) Let X be a Q-factorial klt projective variety with
the group πalg1 pXregq being finite. Suppose X admits an int-amplified endomorphism. Then
Case TIR will not occur during any MMP starting from X.
Proof. We argue along the lines of [MY19, Section 4.3] (while [MZ19b] is effective in
low dimension or relative dimension). Suppose the contrary that there exists some f -
equivariant (after iteration) MMP
X1 99K ¨ ¨ ¨ 99K Xr Ñ Y,
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such that pXr, Y, f |Xr , f |Y q satisfies Case TIR. Let I : X Ñ X be an int-amplified
endomorphism such that the MMP is also I-equivariant. Note that pXr, Y, I|Xr , I|Y qmay
not satisfy Case TIR. Nevertheless, by Theorem 6.2, I|Xr satisfies p˚q in [MY19, Definition
4.11]. By [MY19, Lemmas 4.12 and 4.13], I also satisfies p˚q in [MY19, Definition 4.11]. In
particular, without considering any dynamic property, we have the commutative diagram:
X
π

rXµXoo
rπ

Y A
µY
oo
where A is an abelian variety, µY is finite surjective, and µX is quasi-e´tale finite surjective.
Note that dimpAq “ dimpY q ą 0. So rX admits an e´tale cover of arbitrary large degree.
In particular, πalg1 pXregq is infinite, a contradiction. 
In [MZ19b, Theorem 8.6], the relative dimensional one case has been ruled out in Case
TIR. Based on this, we will deal with the relative dimensional two case.
We will show that Case TIR is equivalent to the following simpler Case TIR’.
Case TIR’n (Totally Invariant Ramification case). Let X be a normal projective variety
of dimension n ě 1, which has only Q-factorial Kawamata log terminal (klt) singularities
and admits an int-amplified endomorphism. Let f : X Ñ X be a surjective endomor-
phism. Moreover, we impose the following conditions.
(A1’) The anti-Iitaka dimension κpX,´KXq “ 0.
(A2’) f˚D “ δfD for some reduced effective Weil divisor D „Q ´KX .
(A4) There is an f -equivariant Fano contraction π : X Ñ Y with δf ą δf |Y (ě 1).
Lemma 6.4. Case TIRn is equivalent to Case TIR’n.
Proof. Assume that Case TIR’n holds. We first show A2 that D is irreducible. Let P
and Q be two different irreducible components of D. If P is not π-ample, then P ” π˚PY
for some PY P N1pY qz0 by the cone theorem (cf. [KM98, Theorem 3.7]). Note that
g˚PY “ δfPY . This is a contradiction with the assumption A4. So we may assume P and
Q are π-ample. Then P ´ tQ is π-trivial for some rational number t ą 0 and the same
argument showes that P ´ tQ ” 0. Note that f˚pP ´ tQq “ δfpP ´ tQq and the Albanese
morphism of X is surjective by [Men17, Theorem 1.8]. Then P ´ tQ „Q 0 by [MZ19b,
Proposition 3.3]. In particular, κpX,Dq ě κpX,P q ą 0, a contradiction with A1’.
Note that N1pXq{π˚N1pY q is 1-dimensional and f˚|N1pXq{π˚ N1pY q “ q id for some integer
q ą 0. Then q “ δf is the only eigenvalue of f˚|N1pXq with modulus δf and the q-eigenspace
is 1-dimensional. On the other hand f˚H ” δfH for some nef divisor H by a version of
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the Perron-Frobenius theorem (cf. [Birk]). So the rays RH “ RD “ R´KX in NefpXq and
PE1pXq, and the second part of A1 holds, by [MZ19b, Lemma 9.1].
By [MZ19b, Theorem 6.2], SuppRf Ď D. On the other hand, A2’ and δf ą 1 imply
A3 that SuppRf “ D. A5 follows from [MZ19b, Theorem 8.6]. 
Proposition 6.5. Let π : X Ñ Y be the Fano contraction of a KX-negative extremal
ray RC on a Q-factorial klt projective variety X to an abelian variety Y with dimpXq “
dimpY q ` 1. Let f : X Ñ X and g : Y Ñ Y be int-amplified endomorphisms such that
π ˝ f “ g ˝ π and δf ą δg. Then we have:
(1) RC is the only KX-negative extremal ray.
(2) The anti-Iitaka dimension κpX,´KXq ą 0, and f˚KX ” δfKX .
(3) There is an f -equivariant surjective morphism τ : X Ñ Z – P1 such that f |Z is
δf -polarized.
(4) P is semi-ample for any f´1-invariant prime divisor P .
Proof. (1) Let RC2 be a KX -negative extremal ray and π2 : X Ñ X2 the contraction of
RC2 . By [KM98, Theorem 3.7], we may take C2 as a rational curve. Then πpC2q is a point
in the abelian variety Y . Let F be a (connected) fiber of π2. Note that πpC 12q is a point
for any curve C 12 Ď F since C 12 P RC2 . Hence, πpF q is a point. Then the rigidity lemma
[Deb01, Lemma 1.15] implies that π factors through π2. Since π itself is a contraction of
RC , RC2 “ RC and X2 “ Y . This proves (1).
(2) By a version of the Perron-Frobenius theorem in [Birk], there exists a nef eigenvector
D of f˚|N1pXq with eigenvalue δf . Note that the eigenvalues of f˚|N1pXq consist of one δf
and eigenvalues of g˚|N1pY q (with modulus ă δf). So D is π-ample and extremal in
PE1pXq by [MZ19b, Lemma 9.1].
Let a ą 0 be the rational number such that B :“ aKX `D is π-trivial, i.e., B ¨C “ 0.
We claim that B is pseudo-effective. Suppose the contrary. For a small effective ample Q-
Cartier divisor E, p1{aqB`E is not pseudo-effective. Denote by A :“ E`p1{aqD which is
ample since D is nef. ThusKX`A “ p1{aqB`E is not pseudo-effective. Note that pX,Aq
is a klt pair by a suitable choice of A. By the cone theorem (cf. [KM98, Theorem 3.7]),
there exits some pKX`Aq-negative extremal ray RC1. Note that pKX`Aq¨C “ E ¨C ą 0.
So RC1 ‰ RC , contradicting (1). This proves the claim.
Since ´KX is effective by [MZ19b, Theorem 1.5], the claim above andD “ B`p´aKXq
imply RD “ R´KX in PE1pXq and hence B ” 0 and D ” ´aKX . We assert that
κpX,´KXq ą 0. Suppose the contrary. Then ´KX „Q D1 for some reduced Weil divisor
D1 such that f´1pD1q “ D1 and SuppRf “ D1 by [MZ19b, Theorem 1.5]. Note that
f˚D1 ” f˚D{a “ pδf{aqD ” δfD1 and δfD1 ´ f˚D1 ě 0. Then f˚D1 “ δfD1. In
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particular, Case TIR’ (and hence Case TIR) is satisfied. However, this contradicts the
condition A5 of Case TIR. So κpX,´KXq ą 0 as asserted. This also proves (2).
(3) By [MZ19b, Theorem 7.8], there exists an f -equivariant dominant rational map
τ : X 99K Z to a normal projective variety Z (with connected general fibers) such that
dimpZq ą 0 and f |Z is δf -polarized. Note that the indeterminacy locus of τ is an f´1-
invariant closed subset of codimension ě 2 in X . By [CMZ17, Lemma 7.5] and [Men17,
Lemma 4.1], τ is then a morphism since dimpAq “ dimpXq ´ 1.
We claim that Z – P1. Let h :“ f |Z . Write h˚HZ „ δfHZ for some very ample divisor
HZ . Let HX :“ τ˚HZ . Then f˚HX „ δfHX . So HX ” bD for some b ą 0. By [MZ19b,
Proposition 8.4], H2X ”w b2D2 ”w 0. This is possible only when dimpZq “ 1. Since
HX ” bD is π-ample, the general fiber F of π (which is a smooth rational curve) is not
contracted by τ and hence dominates Z. So the claim and hence (3) are proved.
(4) Let P be an f´1-invariant prime divisor. By [CMZ17, Lemma 7.5] and [Men17,
Lemma 4.1], P dominates Y . Then f˚P “ δfP and RP “ RD in PE1pXq. Take HZ “ z
for some general point of Z and let Xz be the fiber of τ . Note that Xz ¨ P ”w 0. So
either Xz X P “ H or Xz X P “ P . In particular, this implies that τpP q is a point. We
claim that P “ τ´1pτpP qq. If the claim is false, then τ´1pτpP qq is reducible; hence there
exists some irreducible component Q ‰ P of τ´1pτpP qq such that P X Q ‰ H, since τ
has connected fibers. Note that τpP q is h´1-periodic by [CMZ17, Lemma 7.5]. So Q and
hence P X Q are f´1-periodic. By [CMZ17, Lemma 7.5], πpP X Qq is g´1-periodic and
hence equal to Y by [Men17, Lemma 4.1], contradicting that dimpP XQq ă dimpY q. So
the claim is true. In particular, P is semi-ample and (4) is proved. 
Theorem 6.6. Suppose that X has only terminal singularities in Case TIR. Then dimpXq
ě dimpY q ` 3 ě 4.
Proof. The proof consists of Claims 6.7 to 6.18. We prove by contrapositive, so sup-
pose the contrary that dimpXq “ dimpY q ` 2. Let I : X Ñ X be an int-amplified
endomorphism such that π : X Ñ Y is I-equivariant.
Since X has terminal singularities, SingpXq has dimension ď dimpXq ´ 3 ă dimpY q,
so it does not dominate Y . By [Fak03, Theorem 5.1], there is a Zariski dense subset Y0
of Y such that the fiber Xy “ π´1pyq is smooth and I-periodic for any y P Y0. Note that
for each y P Y0, Xy is Is-invariant for some s ą 0; and Is|XzD is quasi-e´tale. Shrinking
Y0 a bit, we may assume that I
s|Xy is e´tale outside D XXy by the purity of branch loci.
Let y P Y0 be a general point. Denote by
m :“ the number of irreducible components (curves) of D XXy.
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Since π is a Fano contraction, Xy is a smooth Fano surface and I
s|Xy is polarized. By
[MZ19, Corollary 1.4], pXy, D XXyq is then a toric pair. Moreover, by the classification
of smooth toric Fano surfaces, the boundary D X Xy is a simple normal crossing loop
of m smooth rational curves ℓi with m ě 3. Note that ℓi and ℓi X ℓj are pIs|Xyq´1-
periodic. Since Is|XyzDXXy is e´tale, any pIs|Xyq´1-periodic point x lies in D X Xy by
noting that Is|Xy is ramified at x. Since each ℓi – P1 has (exactly) two pIs|Xyq´1-
periodic points which are the intersecting points with some other two ℓj and ℓk, x further
lies in SingpD X Xyq by the same argument on Ism!|ℓi. In particular, SingpD X Xyq is
exactly the set of pIs|Xyq´1-periodic points in Xy. Note that 7 SingpD XXyq “ m ě 3.
Claim 6.7. Let Z be the union of irreducible components of dimension dimpXq ´ 2 in
SingpDq. Then h´1pZq “ Z for any surjective endomorphism h of X .
Let ν : D Ñ D Ď X be the normalization of D and c the conductor of D, regarded as
a Weil divisor on D. Since X is smooth in codimension 2, the adjunction formula gives
KD ` c “ ν˚pKX `Dq
where ν˚pKX ` Dq is regarded as the pullback of a divisorial sheaf. There is an endo-
morphism h : D Ñ D such that ν ˝h “ h ˝ ν and its ramification divisor Rh is h
˚
c´ c. In
fact, KX `D “ h˚pKX `Dq implies KD ` c “ h
˚pKD ` cq. By choosing an int-amplified
h “ I, c is reduced and h´1-invariant for any h (cf. [Men17, Theorem 3.3], [NZ10, Lemma
5.3, the arxiv version]). Then c “ ν´1pZq and h´1pZq “ Z. So the claim is proved.
6.8. Some notation. By Theorem 6.2, we have the commutative diagrams:
f
œ
X
π

rX ö rfµXoo
rπ

g
œ
Y A ö gAµY
oo
I
œ
X
π

rX ö rIµXoo
rπ

I|Y œ Y A ö IAµYoo
where rX is a Q-Gorenstein klt normal projective variety, A is an abelian variety, µY is a
finite surjective morphism, and µX is a finite surjective quasi-e´tale morphism. Note that
I|Y , IA, rI are still int-amplified; see [Men17, Section 3]. Note that rX still has terminal
singularities by [KM98, Proposition 5.20]. Then rX is Q-factorial by Proposition 6.22.
Claim 6.9. deg π|Z “ m ě 3.
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By the generic smoothness, XyXZ “ XyXSingpDq “ SingpDXXyq for general y P Y0.
Then 7Z XXy “ m ě 3 for general y P Y0. So the claim is proved.
Claim 6.10. π|C : C Ñ Y is a finite surjective morphism for any I´1-periodic irreducible
closed subvariety C of codimension 2 in X .
Since π has connected fibers, πpCq is I|´1Y -periodic by [CMZ17, Lemma 7.5] and hence
µ´1Y pπpCqq is I´1A -periodic. By [Men17, Lemma 4.1], µ´1Y pπpCqq “ A and hence πpCq “ Y .
Note that dimpCq “ dimpY q and π|C is equidimensional (cf. [Men17, Lemma 4.3]). So
π|C is finite surjective and the claim is proved.
Claim 6.11. Z is the union of I´1-periodic irreducible closed subvarieties of codimension
2 in X .
First note that Z is I´1-invariant by Claim 6.7. Let C be an I´1-periodic irreducible
closed subvariety of codimension 2 inX . For any y P Y0, Xy is Is-invariant for some s ą 0.
Then C XXy is pIs|Xyq´1-invariant. Recall that Z XXy is exactly the set of pIs|Xyq´1-
periodic points. By Claim 6.10, πC is finite surjective and hence CXXy Ď ZXXy. Then
C “ ŤyPY0 C XXy Ď Z. So the claim is proved.
Claim 6.12. Z has exactly one or two irreducible components.
Note that the general fiber of π|D : D Ñ Y has m ě 3 irreducible components. Recall
that ν : D Ñ D is the normalization. Note that the general fiber π|D ˝ν has m connected
(and irreducible) components.
Let B be an irreducible component of Dy :“ pπ|D ˝ νq´1pyq for some general y P Y0.
Since D is normal, SingpDq does not dominate Y and hence Dy and B are smooth. Note
that ν|B : B Ñ νpBq is a finite surjective birational morphism since D is smooth at
νpBqz SingpDq ‰ H. Recall that νpBq is a smooth rational curve lying on the boundary
divisor of the smooth toric Fano surface Xy. So ν|B is isomorphic. In particular,
ν´1pZq XDy “
ğ
BĎDy
pν´1pZq XBq “
ğ
BĎDy
pν´1pZ X νpBqq XBq.
Note that 7Z X νpBq “ 2. So 7ν´1pZq XDy “ 2m and hence degpπ|D ˝ νq|ν´1pZq “ 2m.
Let p1 : D Ñ Y and p2 : Y Ñ Y be the Stein factorization of π|D ˝ ν. Note that
deg p2 “ m. Then degpp1q|ν´1pZq “ 2m{m “ 2. Since Y is irreducible, ν´1pZq has at
most two irreducible components. Since Z ‰ H, the claim is proved.
Claim 6.13. rZ :“ µ´1X pZq is the union of rI´1-periodic irreducible closed subvarieties of
codimension 2 in rX .
28 Y. MATSUZAWA, S. MENG, T. SHIBATA, D.-Q. ZHANG
Let y P Y0 be a general point such that µX is quasi-e´tale over Xy. Since Xy is a smooth
toric Fano surface, Xy has no non-isomorphic quasi-e´tale cover. Then rXy :“ µ´1X pXyq
is a disjoint union of smooth toric Fano surfaces mapping isomorphically to Xy via µX .
Assume Xy is I
s-invariant for some s ą 0. Then µ´1X pZ X Xyq is exactly the set of
prIs| rXyq´1-periodic points in rXy. So the claim follows from the same proof of Claim 6.11.
Claim 6.14. By choosing µY and µX suitably in Theorem 6.2, we may assume further
deg rπ| rC “ 1 for any rI´1-periodic irreducible closed subvariety rC of codimension 2 in rX .
Let rC be an irreducible component of rZ. As reasoned in Claim 6.10, rπ| rC : rC Ñ
A is finite surjective. Let rC be the normalization of rC. Note that rC admits an int-
amplified endomorphism. By the ramification divisor formula and [Men17, Theorem 1.5],
the induced finite surjective morphism rC Ñ A is quasi-e´tale and hence e´tale. Then rC is an
abelian variety by [Mum74, Section 18, Theorem]. If deg rπ| rC ą 1, then we replace rX byrX ˆA rC and A by rC. Note that rf is also liftable after some iteration. We show that such
replacements can be done in only finitely many steps. After each replacement, deg rπ| rZ
remains unchanged, while the number of irreducible components of rZ strictly increases.
This is because the natural embedding rC ãÑ rC ˆA rC and deg rπ| rC ą 1 imply that the
preimage of rC in rX ˆA rC splits into at least two irreducible components. Finally, Claim
6.13 implies that after each replacement, rZ is still the union of rI´1-periodic irreducible
closed subvariety rC of codimension 2 in rX . In particular, rZ has at most (fixed) deg rπ| rZ
irreducible components. So we can only do at most finitely many replacements till the
claim is satisfied.
In the following, we choose the rX in Claim 6.14. Denote by rD :“ µ´1X pDq. Since
µX : rX Ñ X is quasi-e´tale, we have K rX “ µ˚XKX „Q ´µ˚XD “ ´ rD. Since D is nef, so
is rD. By [Uen, Theorem 5.13], κp rX, rDq “ κpX,Dq “ 0. Note that K rX is not pseudo-
effective. By [MZ19a, Theorem 1.2], replacing rf and rI by a positive power, there is an
p rf, rIq-equivariant birational MMP ϕ : rX 99K rXr and a Fano contraction rπr : rXr Ñ rY .
Denote by rfr :“ rf | rXr , rg :“ rf |rY and rIr :“ rI| rXr . Since A is an abelian variety, this MMP
is over A; see the first paragraph of the proof of Proposition 6.5.
Claim 6.15. ϕ : rX 99K rXr is a composition of divisorial contractions; and rXr has
Q-factorial terminal singularities.
Note that K rX “ µ˚XKX . Recall that rX has only Q-factorial terminal singularities
(cf. 6.8). Since the MMP is over A, whenever a flipping contraction occurs, one can
find some prI|rY q´1-invariant subvariety of dimension at most dimp rXq ´ 3 by [CMZ17,
Lemma 7.5]. Note that rI|rY is int-amplified and dimpAq ą dimp rXq ´ 3. Then we get a
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contradiction by [Men17, Lemma 4.1]. The second assertion of the claim follows from
[KM98, Proposition 3.36, Corollary 3.43]. The claim is proved.
Claim 6.16. rDr :“ ϕp rDq is a (nonzero) reduced divisor containing all the prIrq´1-periodic
irreducible closed subvarieties of codimension 2 in rXr. Further, ϕ´1p rDrq “ rD, ´K rXr „QrDr, κp rXr, rDrq “ 0, and rf˚r rDr “ δ rfr rDr .
Note that rI| rXz rD is quasi-e´tale. So the ϕ-exceptional divisor (being rI´1-invariant) is
contained in rD. Denote by rD1r the union of divisors contained in rDr. Then rIr| rXrz rD1r is
quasi-e´tale and SuppRrIr “ rD1r . Let rCr be some prIrq´1-invariant irreducible closed subva-
riety of codimension 2 in rXr. By [CMZ17, Lemma 7.5] and [Men17, Lemma 4.1], rCr dom-
inates A and deg rIr| rCr “ deg rIA. By the projection formula, rI˚r rCr “ pdeg rIr{ deg IAq rCr.
Note that rIr|F is polarized (after iteration) for the general rIr-periodic fiber F of rXr Ñ A
(cf. [Fak03, Theorem 5.1]). So deg rIr{ deg IA ą 1. Since Singp rXrq is of codimension ě 3
in rXr, rCr Ď rD1r by the purity of banch loci. Let E be any prime exceptional divisor of
ϕ. Then ϕpEq is rI´1r -periodic and dominates A by [CMZ17, Lemma 7.5] and [Men17,
Lemma 4.1]. So ϕpEq is of codimension 2 in rXr and ϕpEq Ď rD1r . In particular, rDr “ rD1r
and ϕ´1p rDrq “ rD. Therefore, κp rXr, rDrq “ κp rX, rDq “ 0 by [Uen, Theorem 5.13].
By the ramification divisor formula, we have
K rXr ` rDr “ rI˚r pK rXr ` rDrq.
Therefore, ´K rXr „Q rDr by applying [Men17, Theorem 1.1] and [MZ19b, Proposition
3.3]. Note that rf˚ rD “ δ rf rD and hence rf˚r rDr “ δ rfr rDr. So the claim is proved.
Claim 6.17. prπr : rXr Ñ rY , rfr, rgq satisfies Case TIR with dimp rXrq “ dimprY q ` 2 andrY “ A.
If δ rfr ą δrg, then Case TIR’ and hence Case TIR are satisfied, so rY “ A by the condition
(A5) of Case TIR and since rπ : rX Ñ A has connected fibers. Suppose next that δ rfr “ δrg.
If dimprY q “ dimpAq, then rY “ A and hence δf “ δrg “ δgA ă δf , a contradiction.
We are only left with the case where δ rfr “ δrg ą δgA and dimprY q “ dimpAq` 1. Denote
by τ : rY Ñ A the induced morphism. Note that rY is Q-factorial and klt. Since SingprY q
does not dominate A and the general fiber of rπ : rX Ñ A is a rational surface, the general
fiber of τ is a smooth rational curve. By the adjunction, the restriction of KrY on the
general fiber of τ is anti-ample. Hence KrY is not pseudo-effective. Then we may run
MMP starting from rY which ends up with A. Since dimprY q “ dimpAq ` 1 and τ has
connected fibers, any appearance of divisorial contraction or flip will create some proper
prI|Aq´1-periodic closed subvariety in A by [CMZ17, Lemma 7.5]. So τ has to be a Fano
contraction by [Men17, Lemma 4.1]. Note that DrY :“ prπr ˝ ϕqp rZq is an prI|rY q´1-periodic
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divisor in rY since rπ| rZ : rZ Ñ A is finite surjective. By Proposition 6.5, κprY ,DrY q ą 0.
Note that rπ´1r pDrY q is rI´1r -periodic. So rπ´1r pDrY q Ď rDr and hence κp rXr, rDrq ą 0, a
contradiction to Claim 6.16. The claim is proved.
Claim 6.18. degprπr| rCr : rCr Ñ rY “ Aq “ 1 for any rI´1r -periodic irreducible closed
subvariety rCr of codimension 2 in rXr.
By Claim 6.14, it suffices for us to show that rCr is dominated by some rI´1-periodic
irreducible closed subvariety of codimension 2 in rX. Note that rCr Ď rDr “ ϕp rDq by Claim
6.16. If dimpϕ´1p rCrqq “ dimpAq, then we are done. If dimpϕ´1p rCrqq “ dimpAq ` 1, then
ϕpEq “ rCr for some (ϕ-exceptional) irreducible component E of rD. Recall that E is an
irreducible component of rD “ µ´1X pDq. So µX |E : E Ñ D is finite surjective and there is
at least one rI´1-periodic irreducible closed subvariety rC Ď pµX |Eq´1pZq of codimension
2 in rX dominating A. Note that ϕpEq “ ϕp rCq “ rCr. So the claim is proved.
Completion of the proof of Theorem 6.6. By Claim 6.17, we may apply Claims 6.7 and
6.9 to rXr. Then there are at least three rI´1r -periodic irreducible closed subvarieties of
codimension 2 in rXr by Claim 6.18. So we get a contradiction by applying Claim 6.12 torXr again. This completes the proof of Theorem 6.6. 
Corollary 6.19. Let X be a normal projective variety over K such that XK has only
Q-factorial Kawamata log terminal (klt) singularities and admits an int-amplified endo-
morphism. Then Conjecture 1.4 holds for any surjective endomorphism on X in the
following cases:
(1) The group πalg1 ppXKqregq is finite (e.g. when X is smooth and rationally connected).
(2) XK has only terminal singularities and dimpXq “ 3.
Proof. It follows from Theorems 6.1, 6.3 and 6.6. Note that for (2), if XK has termi-
nal singularities, then the birational MMP involves only with the terminal singularities
(cf. [KM98, Corollary 3.43]). 
In the rest of this section, we show the Q-factorial property of rX (Proposition 6.22)
used in the proof of Theorem 6.6 (i.e., in 6.8). A local ring pR,mq is Q-factorial if for
any prime ideal p of height one, p “apfq for some f P p.
Lemma 6.20. Let π : X Ñ Y be a finite surjective morphism of normal varieties. Let
x P X be a closed point and y “ πpxq. Suppose the (completion) local ring OˆX,x is
Q-factorial. Then so is OˆY,y.
Proof. Set A :“ OˆY,y and B :“ OˆX,x. Let ϕ : AÑ B be the induced local homomorphism,
which is a injective finite morphism (cf. [AM69, Proposition 10.13]). We may regard A
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as a subring of B. Let p be any prime ideal of height 1 on A. Take a prime ideal q
in B of height 1 such that p “ q X A. Since B is Q-factorial, we can take β P q such
that q “ ?βB. Take any α P p. Now α P q “ ?βB. So αk “ cβ for some k ą 0
and c P B. Taking norm, we have αkr “ NpcqNpβq where r “ dimQpAqQpBq. Note that
NpBq Ď A since ϕ is finite. Hence we have p Ď apNpβqqA. Conversely, Npβq P p since
Npβq P qX A “ p. So we have p “aNpβqA. 
Lemma 6.21. Let X be a normal variety. Then we have the following:
(1) Let x P X be a closed point. If OˆX,x is Q-factorial, then so is OX,x.
(2) If OX,x is Q-factorial for any closed point x P X, then X is Q-factorial.
Proof. (1) Let S “ SpecOX,x and Sˆ “ Spec OˆX,x. Let π : Sˆ Ñ S be the completion
morphism which is faithfully flat. Since S is normal, so is Sˆ. Take a prime divisor D on
S. Since π is flat, π˚OSpDq is a reflexive sheaf of rank 1 on Sˆ. So π˚OSpDq “ OSˆpDˆq
for some Weil divisor Dˆ on Sˆ. If OˆX,x is Q-factorial, then nDˆ is Cartier for some n ą 0.
Then π˚OSpnDq – π˚ppOSpDqbnq__q – pπ˚OSpDqbnq__ – OSˆpnDˆq is invertible. By the
fpqc descent along π, OSpnDq is invertible.
(2) Take any prime divisor D of X . Take any closed point x P D. Take an affine
neighbourhood U “ SpecA Ď X of x. Let p Ď A be the prime ideal of height 1
representing D and m Ď A the maximal ideal representing x. By assumption, pAm “?
αAm for some α P p. Write p “ pf1, ¨ ¨ ¨ , frq. Then there exsits n ą 0 such that
fni P αAm for all i. Write fni “ αai{bi for some ai P A and bi P Azm. Then fi P
?
αAb
where b “ b1 ¨ ¨ ¨ br P Azm. In particular, pAb “
?
αAb and SpecAb is an affine open
neighbourhood of x. 
Proposition 6.22. Let π : X Ñ Y be a surjective morphism of normal projective vari-
eties with connected fibers. Let f : X Ñ X and g : Y Ñ Y be int-amplified endomor-
phisms such that g ˝ π “ π ˝ f . Suppose Y is an abelian variety and X has only terminal
singularities. Suppose further dimpXq ď dimpY q ` 2. Then X is Q-factorial.
Proof. Denote by S the set of closed points x P X such that OˆX,x is not Q-factorial. By
Lemma 6.20, f´1pSq Ď S. Then f´1pSq Ď S by [CMZ17, Lemma 7.2]. Hence f´1pSq “
S. By [CMZ17, Lemma 7.5], πpSq is g´1-periodic. Note that S Ď S Ď SingpXq and
dimpSingpXqq ď dimpXq ´ 3 ă dimpY q since X has terminal singularities. So πpSq “ H
and hence S “ H by [Men17, Lemma 4.1]. By Lemma 6.21, X is Q-factorial. 
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7. Fiber spaces; UBC vs sAND; Proofs of Theorems 1.10 and 1.13
In this section, we study the set Zf for endomorphisms f on a fibration which fixes
fibers set-theoretically, i.e. a family of endomorphisms. First we formulate a relative
version of the sAND Conjecture.
Let X,S be quasi-projective varieties over K and π : X Ñ S a projective morphism.
Let f : X Ñ X be a surjective morphism over S. Take any immersion X ÝÑ P into a
projective variety P , any ample divisor H on P , and height hH ě 1 associated with H .
For any point x P XpKq, setting Xπpxq :“ π´1pπpxqq, we define
αfpxq :“ lim
nÑ`8
hHpfnpxqq1{n “ lim
nÑ`8
hH|Xpipxq
ppf |Xpipxqqnpxqq1{n “ αf |Xpipxq pxq
which is well-defined in this relative setting, since the arithmetic degree is well-defined
and independent of the choice of ample height on any projective scheme over a number
field. We define Zf and Zf pdq in the same way as in Definition 1.3.
Conjecture 7.1 (Relative sAND Conjecture). Let X,S be quasi-projective varieties over
K and π : X Ñ S a projective morphism. Let f : X Ñ X be a surjective morphism with
π ˝ f “ π. Then the set Zf pdq is not Zariski dense in XK for any constant d ą 0.
Remark 7.2. Suppose π has geometrically irreducible fibers. Then the dynamical degree
of fK : XK ÝÑ XK is equal to the dynamical degree of f |Xs : Xs ÝÑ Xs for general
s P SpKq, by the product formula involving the relative dynamical degree (cf. [Tru15]).
Remark 7.3. If X is projective, then Conjecture 7.1 is a special case of Conjecture 1.4.
First we consider projective bundles over projective bases.
Theorem 7.4 (cf. [Ame03]). Let f be a surjective endomorphism on a projective bundle
PY pEq πÑ Y over a projective variety with π ˝ f “ π. Then Zfpdq is not Zariski dense for
any d ą 0.
Proof. We may assume that m :“ δf ą 1. Replacing f by a power if necessary, we
may further assume that m ą r ` 1. Take a Zariski open cover Y “ Ťλ Uλ with local
trivializations ψλ : π
´1pUλq Ñ Uλ ˆ Pr and set fλ “ ψλ ˝ f ˝ ψ´1λ : Uλ ˆ Pr Ñ Uλ ˆ Pr.
Using local trivializations, we obtain a morphism Φ : Y Ñ RmpPr,Prq{PGLpr ` 1q
defined by Φpyq “ fy, where RmpPr,Prq is the space of endomorphisms giben by degree
m polynomials on Pr and PGLpr ` 1q acts on RmpPr,Prq by conjugation. By Amerik
[Ame03, Proposition 1.1], RmpPr,Prq{PGLpr`1q is affine if m ą r`1. So Φ is a constant
map since Y is projective.
Let t P RmpPr,Prq be an element whose class in RmpPr,Prq{PGLpr`1q is the image of
Φ. Set fλ,y “ fλ|tyuˆPr P RmpPr,Prq. Then there exists hλ : Uλ Ñ PGLpr ` 1q such that
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fλ,y “ hλpyq¨t, where hλpyq¨t “ hλpyq˝t˝hλpyq´1. SetGλµ “ ψλ˝ψ´1µ : UλµˆPr Ñ UλµˆPr.
Then Gλµ induces gλµ : Uλµ Ñ PGLpr ` 1q which satisfies fλ,y “ gλµpyq ¨ fµ,y for any
y P Uλµ. Therefore we have ph´1λ pyq ˝ gλµpyq ˝ hµpyqq ¨ t “ t for any y P Uλµ.
Set g˜λµ “ h´1λ ˝ gλµ ˝ hµ and f˜λ,y “ h´1λ pyq ¨ fλ,y p“ tq. Let G˜λµ : Uλµ ˆ Pr Ñ Uλµ ˆ Pr
and Hλ : Uλ ˆ Pr Ñ Uλ ˆ Pr be morphisms corresponding to g˜λµ, hλ, respectively.
Uλµ ˆ Pr
Hµ
//
G˜λµ

Uλµ ˆ Pr
Gλµ

Uλµ ˆ Pr
Hλ
// Uλµ ˆ Pr
This commutative diagram shows that phλqλ defines an isomorphism h : X˜ Ñ X , where
X˜ is the projective bundle glued by pG˜λµqλ,µ. Now we have
g˜λµpyq ¨ f˜µ,y “ ph´1λ pyq ˝ gλµpyq ˝ hµpyqq ¨ f˜µ,y
“ ph´1λ pyq ˝ gλµpyqq ¨ fµ,y
“ h´1λ pyq ¨ fλ,y
“ f˜λ,y.
So pf˜λqλ defines a surjective endomorphism f˜ : X˜ Ñ X˜. Note that Zf˜pdq is not Zariski
dense for any d ą 0 since pf˜qy is invariant when y moves on local trivializations. Moreover,
h ˝ f˜ “ f ˝ h by definition of f˜ . So the assertion follows from Lemma 2.6. 
The next result gives the structure of the small arithmetic degree set Zf in the case of
abelian fibrations, and is the key in proving Theorem 1.13.
Theorem 7.5. Let π : X Ñ Y be an abelian fibration, that is, a projective surjective
morphism of quasi-projective normal varieties such that π˚OX “ OY and its generic fiber
Xη is an abelian variety. Let f : X Ñ X be a surjective endomorphism with δf ą 1 and
π ˝ f “ π. Then, after enlarging the ground field by a finite extension and taking base
change along a finite cover of Y , there is a Zariski open dense subset V Ă Y such that
XV “ π´1pV q ÝÑ V has an abelian scheme structure compatible with the abelian variety
structure of the generic fibre Xη, and there are a non-trivial V -group homomorphism
β : XV Ñ XV and a section M Ă XV of XV Ñ V such that, for any d ą 0, we have:
Zfpdq Ď π´1pY zV q Y
`
Mpdq ` β´1pTorpXV pdqqq
˘
.
Here TorpXV pdqq is the set of rational points in Xpdq which are torsion points of the
fibers over V and Mpdq ` β´1pTorpXV pdqqq “ ta ` b | πpaq “ πpbq, a P Mpdq, b P
β´1pTorpXV pdqqqu.
Consider first the case when the endomorphism induces an isogeny on the generic fiber.
34 Y. MATSUZAWA, S. MENG, T. SHIBATA, D.-Q. ZHANG
Lemma 7.6. Let π : X Ñ Y be an abelian fibration and f : X Ñ X a surjective
endomorphism such that δf ą 1, π ˝ f “ π, and the induced endomorphism fη : Xη Ñ Xη
on the generic fiber of π is an isogeny. Then, after enlarging the ground field by a finite
extension and taking base change along a finite cover of Y , there are a Zariski open
dense subset V Ă Y over which XV “ π´1pV q ÝÑ V has an abelian scheme structure
restricting to the abelian variety structure of the generic fibre Xη and a non-trivial V -
group homomorphism β : XV Ñ XV such that, for any d ą 0, we have:
Zfpdq Ď π´1pY zV q Y β´1pTorpXV pdqqq.
Proof. Let Xη be the geometric generic fiber, and fη the induced endomorphism. Then,
by a calculation of intersection numbers, we have δfη “ δf “ δfy where y is a general
closed point of Y . Denote this number as δ.
We can find nef R-divisors D ı 0 on Xη such that f˚ηD „R δD (cf. [San17, Remark
5.11]). Fix an ample divisor H on X . By Lemma 2.10, there exists some α P EndpXηqR
such that Φ
Hη
D
“ iHηpαq ˝ α and iHηpαq “ α. Note that α is not zero since D ı 0.
Take a sufficiently large finite extension F of kpηq so that D and α descend to an
R-Cartier divisor DF on XF and αF P EndpXF qR respectively. Moreover, we can take F
so that f˚FDF „R δDF , ΦHFDF “ iHF pαF q ˝ αF , and iHF pαF q “ αF . (For the definition of
ΦHFDF , see Lemma 2.11 and Remark 2.13). Represent αF as follows:
αF “
rÿ
i“1
βi,Fbci
where βi,F P EndpXF q and ci P R are linearly independent over Q.
Replacing Y with its normalization in F and X with the base change, we may assume
F “ kpηq. (Here we also extend the ground field so that Y is geometrically irreducible.)
Moreover, by shrinking Y , we may assume π : X ÝÑ Y has an abelian scheme structure
compatible with the one on the generic fiber. Further, one can find:
‚ an R-Cartier divisor D on X which restricts to DF ; and
‚ βi P EndpX{Y q, group endomorphisms of abelian group scheme X over Y restrict-
ing to βi,F
such that f˚D „R δD, ϕ´1H ˝ ϕD “ iHpαq ˝ α in EndpX{Y qR where α “
řr
i“1 βibci, and
iHpαq “ α.
Take any y P Y pKq. On Xy we have
‚ f˚yDy „R δDy;
‚ ϕ´1Hy ˝ ϕDy “ iHypαyq ˝ αy, iHypαyq “ αy in EndpXyqR; and
‚ αy “
řr
i“1 βi,ybci.
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Now, since the isogeny fy commutes with the multiplication map rms (with m ě 2) on
Xy, by [HS00, Exercise B.5], we have
hˆDypxq “ lim
nÑ`8
hDypfny pxqq
δn
“ lim
n1“mnÑ`8
hDypn1xq
pn1q2
for all x P XypKq. Then as in the proof of [KS16b, Theorem 29], we have
hˆDypxq “
1
2
〈αypxq, αypxq〉Hy
where 〈, 〉Hy is the height pairing associated with the quadratic part of the canonical
height associated with Hy.
Fix some d ą 0. Since 〈, 〉Hy is positive definite on XypdqbZR, for x P Xypdq, we have
αfpxq ă δ ùñ αfypxq ă δ ùñ hˆDypxq “ 0
ùñ αypxq “ 0 in XypdqbZR
ùñ
rÿ
i“1
βi,ypxqbci “ 0 in XypdqbZR.
Since ci are linearly independent over Q, the last equality implies
βi,ypxq “ 0 in Xypdq bZ Q for all i.
There is at least one β :“ βi which is a non-zero Y -group endomorphism of the abelian
scheme X ÝÑ Y . Then we have Zfpdq Ď β´1pTorpXpdqqq. 
Proof of Theorem 7.5. First we apply Lemma 5.2 and Remark 5.3 to the endomorphism
fη : Xη Ñ Xη on the geometric generic fiber of π. Then, enlarging the ground field by a
finite extension and Y with a Zariski open dense subset of its finite cover, we may assume:
‚ X “ X1 ˆY X2 where πi : Xi Ñ Y are abelian scheme over Y (i “ 1, 2);
‚ f “ f1 ˆY f2 where fi are surjective endomorphism of Xi over Y (i “ 1, 2);
‚ there is a section p1 : Y Ñ X1 such that g1 “ τ´1p1 ˝f1 ˝τp1 : X1 Ñ X1 is a Y -group
endomorphism of the abelian scheme π1 : X1 Ñ Y ; and
‚ δf2 “ 1.
By Lemma 7.6, after enlarging the ground field by a finite extension and replacing
Y with a Zariski open dense subset of its finite cover again, there exists a non-trivial
Y -group homomorphism β1 : X1 Ñ X1 such that
Zg1pdq Ď β´11 pTorpX1pdqqq.
Then we have Zf1pdq ĎM1pdq ` β´11 pTorpX1pdqqq, where M1 Ă X1 is the image of p1.
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Take a general point y P Y pdq. Then
Zfypdq Ď
`
p1pyq ` β´11 pTorppX1qypdqqq
˘ˆ pX2qypdq.
Extend p1, β1 to p : Y Ñ X , β : X Ñ X by ppyq “ pp1pyq, 0q, βpxq “ pβ1pxq, 0q. Let
M Ă X be the image of p. Then we have Zfpdq ĎMpdq ` β´1pTorpXpdqqq. 
We remark that the uniform boundedness conjecture 1.11 is proved for elliptic curves.
Theorem 7.7 (Merel, [Mer96, Corollaire]). Take any d ą 0. Then there is a constant
C “ Cpdq ą 0 such that the number of torision points in Epdq is at most C for any
elliptic curve E defined over K.
Now we are ready to prove Theorem 1.13.
Proof of Theorem 1.13. By Theorem 7.5, after enlarging the ground field by a finite ex-
tension and replacing Y with a Zariski open dense subset of its finite cover, there are a
section M Ă X of π and a non-trivial Y -group homomorphism β : X Ñ X such that
Zfpdq Ď Mpdq ` β´1pTorpXpdqqq. By assumption, the multiplication by a sufficiently
divisible integer N maps all points of TorpXpdqq to the zero section E. So we have
Zfpdq ĎMpdq ` pβ´1prNs´1Eqq. Thus Zfpdq is not Zariski dense in XK . 
As corollaries, Conjecture 7.1 for elliptic fibrations and trivial abelian fibrations follow.
Theorem 7.8. Let f be a surjective endomorphism on an elliptic fibration X
πÑ Y over
a quasi-projective variety with π ˝ f “ π. Then Zfpdq is not Zariski dense in XK for any
d ą 0.
Theorem 7.9. Let f be a surjective endomorphism on a trivial abelian fibration X “
A ˆ Y πÑ Y over a quasi-projective variety with π ˝ f “ π. Then Zfpdq is not Zariski
dense in XK for any d ą 0.
Next, we consider endomorphisms on projective varieties of non-negative Kodaira di-
mension. The monoid SEndpXq of surjective endomorphisms of a variety of general type
is a finite set, so Conjecture 1.4 holds for them. For a smooth projective variety X with
κpXq “ dimpXq ´ 1, we can prove Conjecture 1.4 as an application of Theorem 7.8.
Theorem 7.10. Let X be a smooth projective variety with κpXq “ dimpXq ´ 1 and
f : X Ñ X a surjective endomorphism. Then Zfpdq is not Zariski dense in XK for any
d ą 0.
Proof. By [NZ09, Theorem A], there is an automorphism g of finite order on the base W
of an Iitaka fibration φ : X 99K W , such that φ ˝ f “ g ˝ φ. Replacing f by a positive
power, we may assume that g “ id and hence φ ˝ f “ φ. By Lemma 2.9, we may replace
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X with the normalization Γ of the graph of φ and f with its lifting to Γ. Thus we may
assume that φ is an elliptic fibration. Then apply Theorem 7.8. 
For a non-invertible endomorphism on a threefold X with κpXq ě 0, we can show the
following weak version of non-density thanks to the classification results by Fujimoto and
Nakayama ([Fuj02], [FN07]).
Theorem 7.11. Let X be a smooth projective threefold with Kodaira dimension κpXq ě 0
and f : X Ñ X a non-invertible surjective endomorphism. Then ZfpLq “ tx P XpLq |
αfpxq ă δfu is not Zariski dense in XK for any finite extension field (K Ě) L Ě K.
Proof. The proof is in steps.
Step 1. By [Fuj02], we can run an f -equivariant MMP
X “ X0 Ñ X1 Ñ ¨ ¨ ¨ Ñ Xr “ Y
such that each step is a blowdown of a smooth surface to an elliptic curve (so each Xi
is smooth) and KY is nef and hence semi-ample by the known abundance for threefolds.
By Lemma 2.6 and replacing X by Y , we may assume that KX is semi-ample. Take the
Iitaka fibration φ : X Ñ C. By [NZ09, Theorem A], replacing f by a positive power, we
may assume that φ ˝ f “ φ. Let F be a general fiber of φ. Then KF „Q 0.
If κpXq “ 3, then f is an automorphism of finite order, contradicting the assumption.
The case κpXq “ 2 is a special case of Theorem 7.10.
Assume κpXq “ 0. We use the Beauville–Bogomolov decomposition theorem over K
([BGRS17, Proposition 3.1]). Then there is a finite e´tale cover φ : X˜ Ñ X where X˜ is
either an abelian threefold or the product of an elliptic curve and a K3 surface, and f
lifts to an endomorphism f˜ on X˜ (cf. [LS18, Section 4]). Moreover, if X˜ is the product
of an elliptic curve and a K3 surface, then f˜ splits. So the assertion follows from Lemma
2.6, Lemma 2.4, and Theorem 5.6.
From now on, we assume κpXq “ 1. A general fiber F has a non-invertible (necessarily
e´tale) endomorphism f |F , so it is either an abelian or a hyperelliptic surface, by surface
theory or [Fuj02, Theorem 3.2].
Step 2. Assume that F is a hyperelliptic surface. By Fujimoto [Fuj02, Theorem 5.10],
φ decomposes as φ : X
πÑ T qÑ C where T is a normal projective surface, π is an elliptic
fibration, and q is a P1-fibration. Moreover, f descends to a morphism g : T Ñ T . Take
a Zariski open dense subset U Ă C such that φU “ φ|XU : XU “ φ´1pUq Ñ U is smooth.
Then we can take the relative Albanese morphism a : XU Ñ AU over U (cf. [FAG05,
Proposition 9.5.20]). Let hU : AU Ñ AU be the morphism induced from f . Setting
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TU “ q´1pUq, the natural morphism θ : XU Ñ TU ˆU AU is induced. Taking the fibers at
a general point c P U , we can see that θc : Xc Ñ Tc ˆ Ac is a finite surjective morphism
because of the hyperelliptic surface structure of Xc. So θ is a finite surjective morphism.
Consider the endomorphism gU ˆU hU on TU ˆU AU . Since f |C “ id and by the
product formula in [Tru15], the dynamical degree of g (resp. hU , gU ˆU hU) is equal to
the dynamical degree of the restriction gc (resp. hc, gc ˆ hc) of g (resp. hU , gU ˆU hU) to
the fiber at a general point c P U . Further, taking a general point c P U , we have
δgUˆUhU “ δgcˆhc “ maxtδgc , δhcu “ maxtδg, δhU u.
Now δf “ δgUˆUhU since θ is finite surjective. Therefore δf “ maxtδg, δhU u.
Note that Zgpdq and ZhU pdq are not Zariski dense (Theorem 4.4 and Theorem 7.8). If
δf “ δg, then Zfpdq Ă π´1pZgpdqq is not Zariski dense. Similarly if δf “ δhU , then by
applying Lemma 2.6 fiberwise, we get Zf pdq Ď φ´1pCzUq Y a´1pZhU pdqq and again Zfpdq
is not Zariski dense.
Step 3. Assume that F is an abelian surface. If F is a simple abelian surface or φ
is primitive, then φ is a Seifert abelian fibration in the sense of [FN07, Definition 2.3]
(cf. [FN07, Theorem 4.1], [FN07, Theorem 4.3 (1)]). Then X admits an finite e´tale cover
W Ñ X from a smooth abelian fibration W Ñ T . Now κpT q “ κpW q “ κpXq “ 1 (cf.
e.g. [FN07, Lemma 2.1]). Thus T is a curve of genus ě 2, so it is not potentially dense
by Faltings theorem. So W is not potentially dense, too. The Chevalley–Weil theorem
implies that X is not potentially dense. So ZfpLq is not Zariski dense for any finite
extension field L Ě K.
Finally assume that F is an abelian surface and φ is imprimitive. By [FN07, Theorem
5.6 and Corollary 5.8], φ decomposes as X
πÑ T qÑ C where T is a normal projective
surface and π, q are elliptic fibrations. [FN07, Proposition 5.7] implies the following
commutative diagram:
X˜
α
//
π˜

X
π

T˜
β
//
q˜

T
q

C˜
γ
// C
where γ is a finite Galois cover, T˜ , X˜ are the normalizations of T ˆC C˜, X ˆC C˜, respec-
tively, and T˜ is isomorphic to E ˆ C˜ for some elliptic curve E. Let ρ : X˜ Ñ E be the
composition of π˜ : X˜ Ñ T˜ with the projection T˜ – E ˆ C˜ Ñ E. By [FN07, Theorem
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5.10], there is a finite e´tale cover ν : E 1 Ñ E such that X˜ 1 “ X˜ ˆE E 1 is isomorphic to
E 1ˆS for some projective surface S and f onX lifts to endomorphism f˜ 1 : E 1ˆS Ñ E 1ˆS
which splits as f˜ 1 “ φ1ˆ v where φ1 is an automorphism on S and v is an endomorphism
on E. Then Zf˜ 1pdq is not Zariski dense by Theorem 3.1 and Theorem 4.1. Now X˜ 1 is an
equivariant e´tale cover of X , so the theorem follows from Lemma 2.6. 
Finally, we show Theorem 1.10, the equivalence of the uniform boundedness conjecture
and the relative sAND conjecture for a family of polarized endomorphisms.
Proof of Theorem 1.10. “(2) ñ (1)” We can take a quasi-projective variety U with a
morphism φ : PNU Ñ PNU over U which parametrizes all the endomorphisms on PN of
degree d. So the implication is clear.
“(1) ñ (3)” Let η P S be the generic point. Now fη : Xη Ñ Xη is a polarized
endomorphism. So Xη can be embedded into a projective space over fη-equivariantly
(cf. [Fak03, Proposition 2.1]). After shrinking S, we may assume that X is a closed
subvariety of PNS and f extends to a surjective endomorphism φ : P
N
S Ñ PNS over S.
By assumption, Zφpdq is contained in the closed subset
W “ tx P PNS | fmpxq “ fnpxqu
for some m ą n ě 0. Since f “ φ|X is of infinite order, X Ę W . Hence Zfpdq “
Zφpdq XX ĎW XX , a proper closed subset of X . So Zfpdq is not Zariski dense in XK .
“(3) ñ (2)” We argue by induction on dimpXq. By assumption, W “ Zfpdq is a
proper f -invariant closed subset of X . Take the irreducible decomposition W “ W1 Y
¨ ¨ ¨ YWp YW 11 Y ¨ ¨ ¨ YW 1q such that W1, . . . ,Wp are f -periodic and W 1j maps to
Ťp
i“1Wi
by iteration of f for 1 ď j ď q. Then Zfpdq Ď f´kp
Ťp
i“1Wiq for some k ě 0.
Take a sufficiently large m ą 0 such that Wi is fm-invariant for 1 ď i ď p. Set
gi “ fm|Wi. We may assume that dimpWiq “ dimpπpWiqq for 1 ď i ď r and dimpWiq ą
dimpπpWiqq for r ` 1 ď i ď p. Fix i with 1 ď i ď r. Then gi is an automorphism of
finite order on Wi since gi induces an endomorphism on a general fiber of π|Wi which is a
finite set. Take some M ą 0 such that gMi “ idWi for each i. If there is a curve C Ď Wi
contracted by π, then 0 ă pC ¨Hq “ pC ¨ pgMi q˚Hq “ rmMpC ¨Hq, which is a contradiction.
So π|Wi is finite for 1 ď i ď r.
Now we have
Zfpdq Ď f´k
˜
rď
i“1
Wipdq Y
pď
j“r`1
Zgjpdq
¸
.
By induction hypothesis, the number of the points in Zgjpdq XXs is uniformly bounded
for r ` 1 ď j ď p. Moreover the number of the points of Wipdq X Xs is also uniformly
bounded for 1 ď i ď r. So the assertion (2) follows. 
40 Y. MATSUZAWA, S. MENG, T. SHIBATA, D.-Q. ZHANG
8. Further Generalization
We can generalize Conjecture 1.4 to a more precise one:
Conjecture 8.1. Let f : X Ñ X be a surjective endomorphism on a projective variety
with the first dynamical degree δf ą 1. Let tZλuλPΛ be the collection of all f -preperiodic
proper subvarieties of small dynamical degree in XK. Then, for any d ą 0, Zfpdq Ď
Zλ1 Y ¨ ¨ ¨ Y Zλm for some λ1, . . . , λm P Λ.
Remark 8.2. Conjecture 8.1 holds for the following cases.
(1) Polarized endomorphisms (cf. Theorem 3.1).
(2) Surjective endomorphisms on abelian varieties (cf. Theorem 5.6).
(3) Automorphisms on projective surfaces (cf. Theorem 4.1).
In fact, in these cases, the respective theorems have given precise descriptions of Zf .
Clearly Conjecture 8.1 implies Conjecture 1.4. For the converse, we have:
Proposition 8.3. Fix a positive integer n. If Conjecture 1.4 holds in dimension ď n,
then Conjecture 8.1 holds in dimension n.
Proof. Let f : X Ñ X be a surjective endomorphism on a projective variety X of
dimension n with δf ą 1. Take any d ą 0. Then Zfpdq is not Zariski dense by assumption.
Let W be the Zariski closure of Zfpdq in XK . We can take the irreducible decomposition
of W as W “ ŤiWi Y Ťj W 1j where each Wi is f -periodic and each W 1j is mapped toŤ
iWi by iteration of f . Then we have Zfpdq Ď f´sp
Ť
iWiq for some s ą 0.
Replacing f by a positive power, we may assume that Wi is f -invariant for each i.
Set g “ f |Wi. By assumption, Zfpdq XWi is Zariski dense in Wi. So Conjecture 1.4 for
g implies δg ă δf . Therefore Wi Ď Zf . Now we have Zfpdq Ď f´sp
Ť
iWiq, and each
irreducible component of f´spŤiWiq is an f -preperiodic subvariety of small dynamical
degree. So we are done. 
Conjecture 8.1 entails that studying f -preperiodic subvarieties (especially those of small
dynamical degree) is important in order to understand Zf . We conclude this section with
some questions on f -preperiodic subvarieties.
Question 8.4. Let f : X Ñ X be a surjective endomorphism on a projective variety with
δf ą 1. Fix d ą 0.
(1) Let Y be an f -invariant subvariety of XK. Then, is Xpdq X pf´spY qzf´ps´1qpY qq
empty for s " 0?
(2) Is there a positive integer N such that Y pdq is empty for any f -periodic subvariety
Y Ď XK of small dynamical degree whose period is larger than N?
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(3) Is the number of maximal f -invariant subvarieties of small dynamical degree in
XK finite?
Remark 8.5. (1) and (2) are arithmetic questions but (3) is a purely geometric ques-
tion. Note that (3) is true for abelian varieties (cf. Theorem 5.6) and projective surfaces
(cf. Theorem 4.1 and [MZ19b, Section 5]).
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